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Résumé et mots clés

Cette thèse pose la question suivante : Comment deux liquides miscibles de viscosités

différentes se mélangent, i.e. finissent par s’homogénéiser par diffusion moléculaire,

lorsqu’ils sont brassés? Le mélange de telles hétérogénéités de viscosité est au cœur

de nombreuses applications industrielles (e.g. dans l’industrie alimentaire ou le génie

civil) et de phénomènes naturels (e.g. dans le manteau terrestre), mais le problème n’a

reçu que peu d’attention jusqu’à présent, en raison peut-être de sa complexité géné-

rale. En effet, le chemin vers l’homogénéisation dépend fortement de la déformation

des hétérogénéités, qui peut, ou non, augmenter les surfaces d’échange et accentuer

les gradients de concentration, tandis que la cinématique elle-même résulte de l’écou-

lement appliqué et du champ d’hétérogénéité. Ce problème d’advection-diffusion

doublement couplé est généralement complexe, mais nous montrons dans cette thèse

que des résultats fondamentaux importants peuvent être obtenus en étudiant le cas

d’une hétérogénéité isolée et initialement localisée dans un écoulement visqueux.

Plus particulièrement, nous considérons expérimentalement et théoriquement le

mélange d’un blob initialement sphérique et plus ou moins visqueux dans deux écou-

lements modèles : un écoulement de cisaillement simple et un écoulement chaotique

laminaire, à nombre de Reynolds faible et nombre de Péclet élevé. Pour ces configura-

tions bien contrôlées, les questions suivantes ont été abordées : Comment le rapport

de viscosité avec le bain affecte-t-il la cinématique de déformation du blob et son

taux d’étirement? Comment s’opère l’interdiffusion entre deux liquides visqueux de

compositions différentes ? Comment et à quelle vitesse le couplage entre cinématique

et diffusion réalise finalement le mélange, pour différents rapports de viscosité et

différentes intensité d’agitation?

La configuration de cisaillement simple révèle une transition remarquable entre

étirement et roulement lorsque le rapport de viscosité dépasse une valeur critique.

Un blob suffisamment visqueux ne s’étire plus mais roule. Cette transition allonge

considérablement le temps de mélange, car un blob roulant est entourée d’une ré-

gion de recirculation à travers laquelle les transferts de masse sont essentiellement

diffusifs et lents. En conséquence, le blob se mélange selon un lent processus de

‘pseudo-dissolution’, en un temps qui, de manière remarquable et contre-intuitive,

ne dépend plus de la vitesse d’agitation! Curieusement, l’écoulement chaotique la-

minaire conduit à une phénoménologie très différente aux conséquences presque

opposées. Un blob très visqueux est étiré par l’écoulement, mais le taux d’étirement

reste faible (en raison du rapport de viscosité élevé) jusqu’à ce que la blob se soit

déformé significativement. Ensuite, le blob est étiré rapidement et mélangé presque



immédiatement par l’écoulement chaotique. Dans ce cas, le blob est mélangé en un

temps fixé purement par la force d’agitation et la viscosité de la goutte, sans dépen-

dance pratique à la diffusivité.

Cette description est basée sur des expériences systématiques qui ont été réali-

sées sur une large gamme de rapports de viscosité et de nombres de Péclet. Elle a

été rationalisée par des prédictions théoriques, qui se comparent favorablement aux

expériences, sans paramètre d’ajustement. Les résultats présentés dans cette thèse

ouvrent de nouvelles directions de recherche, de l’exploration des instabilités in-

duites par un champs de viscosité à l’étude du mélange d’hétérogénéités de viscosité

dans des écoulements inertiels plus complexes, des milieux poreux ou des systèmes

biologiques.

Mots clés : écoulement visqueux, mélange, instabilité du flux, écoulement chao-

tique



Abstract and keywords

This PhD thesis tackles the following question: How and how fast two miscible liquids

having different viscosities mix, i.e., eventually homogenize by molecular diffusion,

when they are stirred? Mixing such viscosity heterogeneities is the core of many indus-

trial applications (e.g. in food industry or civil engineering) and natural phenomena

(e.g. in the earth mantle), but the problem has received only little attention so far,

maybe because of its general complexity. Indeed, the route to homogenization highly

depends on the deformation kinematics of the heterogeneities, which may increase

mixing surfaces and steepen concentration gradients, or not, while the kinematics

itself is set by the applied flow and the heterogeneity field. This doubly coupled

advection-diffusion problem is generally complex, but we show in this thesis that

important fundamental results can be obtained by studying the case of an isolated

and initially localized heterogeneity in a viscous flow.

More particularly, we consider experimentally and theoretically the mixing of an

initially spherical and more or less viscous blob in two model stirring flows: a simple

shear and a laminar chaotic flow under low Reynolds and high Péclet number con-

ditions. On these well controlled configurations, the following questions have been

addressed: How does the viscosity ratio with the stirred bath affect the deformation

kinematics of the blob and its stretching rate? How does the inter-diffusion between

two viscous liquids of different compositions proceed? How and how fast the com-

bination between kinematics and diffusion eventually achieves mixing, for different

viscosity ratio and different stirring intensities?

The simple shear flow configuration reveals a remarkable stretching-to-rolling tran-

sition when the viscosity ratio is increased above a critical value. Highly viscous blobs

no longer stretch but roll. This kinematic transition dramatically lengthens the mixing

time, because the rolling blob is surrounded by a recirculating region across which

mass transfers are essentially diffusive and slow. As a consequence, the blob mixes

through a slow ‘dissolution-like’ process, in a time, which remarkably and somehow

counterintuitively, no longer depends on the stirring rate! Interestingly, the laminar

chaotic flow configuration leads to a very different mixing phenomenology with al-

most opposite consequences. A highly viscous blob is eventually stretched by the flow,

but the stretching rate remains very low (because of the high viscosity ratio) until the

blob has deformed significantly. Beyond this point, the blob is stretched very rapidly

and mixed close to immediately by the chaotic flow. In this case, the blob is mixed in a

time which is purely set by the stirring strength and the blob viscosity, with virtually

no dependence on the diffusivity.



This picture is based on systematic experiments, which have been performed over

a wide range of viscosity ratios and Péclet numbers. It has been rationalized by

theoretical predictions, which compare favorably with experiments without any fitting

parameter. The results presented in this PhD thesis open new research directions,

from the exploration of viscosity field induced instabilities, to the investigation of

how viscous heterogeneities mix in more complex inertial flows, porous media or

biological systems.

Keywords: viscous flows, mixing, flow instability, chaotic flow
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Chapter I

Introduction

I.1 Context, motivation & challenges

Mixing refers to the process by which two miscible substances evolve from an initial state of segregation to

a final state of complete uniformity, via the combined contribution of stirring and molecular diffusion [1–

6]. It is encountered everywhere in nature and everyday life, where it operates on vastly different scales,

from the transport of oxygen through blood microcirculation [7], to transfers within and between the

atmosphere, the oceans and the earth itself [8–16], to blending in culinary and pastry processes. Mixing

determines the dispersion of odors and the research strategy of animals driven by chemotaxis [17, 18].

It is determinant in the access to nutrients and population growth for small organisms [19, 20], as well

as for the exposure of all populations to pollutants [21]. Mixing is also central to many applications. In

chemistry and transport, because it is necessary to trigger, enhance or maintain chemical reactions and

combustion [22–24], in building and manufacturing industries to produce highly transparent glass [25,

26] or homogenize polymer blends, cements, plasters, and paints [27–29].

These phenomena are non-trivial to understand because their flow (natural convection, mechanical

Mixing viscous paints

Mixing in the earth mantle

Industrial blending of grease

Mixing honey

and water

Flat glass manufacturing

a) b) c)

d) e)

FIGURE I.1: Mixing liquids of unequal viscosity. (a) Flat glass manufacturing. (b) Some honey and water mix upon
stirring with a spoon. (c) On geological time scales (⇠ 102 million years) the earth mantle creeps and large scale
heterogeneities between rocks are laminated and eventually homogenized (sketch reproduced from [14]). (d) Partly

mixed viscous paints. (e) An industrial double helix stirrer homogenizes a grease.
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stirring) is unsteady, chaotic or even turbulent, which gives non-trivial dispersion patterns, and even-

tually non-trivial mixing processes. These effects have been extensively documented, in particular for

situations where all fluids flow in the same way, whether they are mixed or not [30–33]. However, many

of the phenomena listed above (the earth mantle [8–12, 14], the molten glass paste [25, 26], the polymer

blends [27–29], see Fig. I.1) involve mixing between very different fluids, which flow differently from

each other, and even differently once they have mixed. Obviously, the case of fluids of different proper-

ties present additional complexities and involve different mechanisms, that we will stressed below. But,

in spite of their major importance in many applications and natural phenomena, these mechanisms have

received little attention so far. This is why, in this thesis, we have chosen to tackle the problem by asking

the precise following question:

How two miscible liquids are mixed by a stirring flow when their viscosity is different ?

Anyone who has mixed a spoonful of honey in his teacup, or prepared a cake, knows that high viscos-

ity contrasts make stirring poorly efficient and delay homogenization. This is also known by engineers,

who are using specific stirrers or lamination devices (fast mixing is mostly dependent on the diameter

of the impeller [34, 35]), or who study alternative geometries to break flow symmetries and promote ho-

mogenization [36], or who match the viscosity of the liquids with chemical additives to facilitate their

mix, like for two-component epoxy glue [37]. However, it is a different question to document and under-

stand how mixing proceeds in details, and how long will it take, for a given flow, given liquids, a given

diffusivity and given initial conditions. The base equations for the flow and for diffusion are known, but

not their general solution. Moreover, the parameter space is immense, which means that an insightful

mechanistic approach is needed first.

A reasonable start point is of course the case of liquids with equal viscosity, with for instance one

dyed and the other one not. This natural reference point will be called ‘isoviscous case’ throughout the

manuscript. In such case, both liquids are stretched and laminated by the flow, which forms thin and ex-

tended lamellae of dye and enhances mixing. Because of their thinness, these lamellae diffuse essentially

transversally to their plane and they get significantly homogenized when the diffusive rate across them

has become shorter than the thinning rate imposed by the flow. This lamellar description of mixing, intro-

duced by Ranz [38], has proved successful in rationalizing mixing processes in various complex flows [1,

33, 39, 40]. However, this approach requires, first, that lamellae be indeed formed, which is not granted

for liquids with unequal viscosity, second, that the thinning of the lamellae by the flow be known, which,

again, is not trivial when they do not have the same viscosity.

This last remark, stresses one of the additional difficulties in understanding how heterogeneities in

viscosity mix, which is related to the flow. Even when the viscosity field is known, determining the actual

flow achieved in the different liquids by a given stirring or global forcing is a non-trivial, non-local and

highly non-linear problem. Obviously, the heterogeneities are advected by the flow, which means the

flow also depends on time. Another point to emphasize is that two liquids with significantly different

viscosities contain at least two different substances (molecules), with a significant mass fraction of both.

This situation is usually more complex than for diluted systems, where diffusion is linear and Fickian.

In the concentrated case, the diffusivity can a priori vary between the two liquids, and when they mix.

Moreover, the inter-diffusion may become non-linear for large concentration contrasts, if the mixture is

non-ideal (i.e. has a significant enthalpy of mixing). These two points are already a challenge, but there

is another specific feature of the non-isoviscous case, which is more fundamental and strongly limiting

brute force approaches. A priori, the complexities of the flow and those of the diffusion problem cannot be

separated. Indeed, when the viscosity field diffuses, the flow changes, which changes how the viscosity

field is advected and, therefore, how it diffuses. This means that non-trivial feedbacks are expected. This

also means that, even for vanishing inertia, the actual flow intrinsically depends on the stirring speed and
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FIGURE I.2: Problem studied. (a) An initially spherical blob of viscosity λη stirred in a bath of viscosity η. (b) Archety-
pal flow configurations investigated: the simple shear flow and a laminar two-dimensional chaotic flow. (c) Parame-

ter space.

the diffusivity of the viscosity field. For a fixed diffusivity, the flow obtained by, say, halving the stirring

speed, is not simply twice as slow. It is qualitatively different, because the viscosity field has more time

to diffuse, which changes the flow. In contrast to the isoviscous case, it is therefore a priori not enough to

characterize or understand the flow for one stirring speed with one value of diffusivity, to know the flow

for other speeds or diffusivities.

To tackle this intricate problem, we have chosen to focus on the case of a highly viscous flow (no

effect of inertia) and an isolated and initially localized heterogeneity in viscosity. More particularly (see

Fig. I.2), we consider the deformation of an initially spherical blob of viscosity η and radius b0 immersed

and stirred in a bath of a different viscosity λη. We use fully miscible liquids, which interdiffuse with a

mass diffusion coefficient D. Two archetypal flows will be addressed, a simple shear flow and a chaotic

laminar flow. The first one is fully determined by the shear rate γ̇. The second one is set by its average

strain rate hε̇i, as well as by the statistics and typical correlation scales of the flow, that we will specify

later in the thesis. We are interested in mixing by flow, and we will therefore consider situations where

advection effects are important, which means that the Péclet number of the flow Pe =
γ̇b2

0
D or hε̇ib2

0
D will

be kept much above 1 (given the 0 Reynolds number condition, the Schmidt number Sc = Pe/Re is

infinite). These model conditions are chosen because they a priori involve all the mechanisms discussed

above, while keeping a minimal number of parameters, namely, the viscosity ratio λ, the Péclet number

Pe and the flow type. These conditions are also relevant to many applications. As an example, given

the typical depth of the earth mantle, ⇠ 103 km, its typical convection velocity, ⇠ 100 mm/year, and the

typical viscosity, ⇠ 1017 m2/s, and effective mass diffusion coefficient, ⇠ 10�20 m2/s, inside it [8, 41], the

creeping flow of the mantle, which participates to mix it, has a Reynolds number of order ⇠ 10�20, and

a Péclet number of order ⇠ 1017. As a last comment, we need to stress that experimental constrains will

force us to track the mixing of the viscosity field with a dye that does not necessarily diffuse as fast as the

viscosity field itself. This effect, which will be studied in detail and considered, is actually a chance since

it gives us two mixing problems for the price of one: “how fast does the viscous liquids mix?” and “how

fast does another scalar initially segregated in one of the two liquids mix?”. We will be brought to discuss

interesting aspects of the two questions in this thesis.

In the following of this chapter, we present some elements from the literature that will be useful for

the remainder of the manuscript. In particular, we begin with a brief summary of the lamellar description

of mixing, so far limited to isoviscous mixing situations. We will then recall basic concepts on molecular

diffusion in the presence of several substances and of a viscosity gradient. After recalling some important

results on the behavior of an heterogeneity in a simple shear flow, whether it is a solid inclusion, or a

liquid drop with or without interfacial tension, we will further develop the problematics of this thesis

and provide a short overview of the manuscript organization.
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I.2 Isoviscous mixing: state of the art

I.2.1 What is mixing?

Understanding mixing is understanding how a scalar quantity, say, the concentration of a substance,

evolves in time and space towards uniformity. This evolution involves the stirring flow and the molecu-

lar diffusion of the substance. Stirring alone does not mix. It can disperse the substance and steepen the

concentration gradients, but it does not change the concentration levels by itself. Only the coupling with

the microscopic action of molecular diffusion leads to the progressive homogenization of concentration.

In many studies dedicated to mixing [38], e.g., in a chaotic flow [42, 43], in a turbulent flow [1, 44], inside

porous media [45, 46] or in particulate suspensions [47, 48], the stirring fluid is homogeneous [49–51].

The mixing efficiency of the system is then generally investigated by dying a sub-region of the fluid and

by tracking the evolution of the dye concentration field. Importantly, the dye concentration is generally

low enough to not modify the fluid properties (density, viscosity, ...). In this case, the dye behaves as a

passively advected diffusive tracer, which does not affect the flow. We will principally discuss this case,

for which advection is decoupled from diffusion. However, we must stress that, even for isoviscous liq-

uids, there is a broad range of situations, where there is no decoupling. They concern natural convection

problems, where the flow is driven by density differences due to humidity, temperature or concentration

gradients [52–54]. These problems involve an additional dimensionless number (the Rayleigh number)

and will not be reviewed here.

I.2.2 Diffusion in a still liquid

In a still liquid, molecules and small particles (typically smaller than a few micrometer) are significantly

displaced by thermal agitation. Random collisions with surrounding molecules drive a random motion

of the particles, called ‘Brownian motion’, with a characteristic jerky trajectory. As an example, figure

I.3a shows the movement of a small pollen particle suspended in water [55]. Although the phenomenon

bears Brown’s name, the first observations of the phenomenon date back to the advent of the microscope

(16th-17th century). The use and improvement of the instrument led to Brongniart’s first scientific ob-

servations and documentation in 1827, before the botanist Brown published his own in 1828 [56]. In the

early 20th century, what is now known as Brownian motion was studied by physicists such as Einstein

[57], Sutherland [58], Smoluchowski [59], Langevin [60] and Perrin [61]. They have established, in partic-

ular, that after a very short balistic transient, the mean square displacement hx2(t)i of a Brownian particle

evolves linearly with time through a diffusion coefficient D ⌘ [m2/s], according to

hx2(t)i = 2Dt , (I.1)

where hi denotes an ensemble average. In a uniform system, the diffusion coefficient is proportional to

both the particle mobility µ and temperature T according to

D = µ kBT , (I.2)

with kB the Boltzmann constant.

In the presence of a gradient of concentration rC(x, t), the Brownian motion of all the molecules

results in a net macroscopic diffusive evolution of the concentration field C(x, t) :

∂C(x, t)

∂t
= D∆C(x, t) , (I.3)
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FIGURE I.3: Diffusion on a still substrate. (a) Trajectory of a pollen particle suspended in water [55]. (b-d) Measure of
the diffusion coefficient D. (b) Successive snapshots of a purely diffusing process. (c-d) Corresponding concentration

profiles and evolution of the variance, σ2 = σ2
0 + 2Dt, versus time (adapted from [64]).

which recovers the diffusion equation, or heat equation, introduced by Fourier [62] and Fick [63]. For an

initially localized concentration C(x, 0) = C0δ(x), with δ(x) the delta-Dirac distribution, the solution of

Eq. I.3 is the Gaussian function

C(x, t) =
1p
2π

C0

σ
e�

x2

2σ2 , with variance σ2 = 2Dt . (I.4)

As an illustration, figure I.3b-d shows an experimental measurement of the diffusion coefficient of a

fluorescent dye in a viscous liquid [64]. The liquid, which is contained between two cover slides and

dyed homogeneously, is photobleached with a high intensity laser to obtain a non-fluorescent lamella (in

black). The bleached lamella gradually recovers its fluorescence by diffusion of the surrounding fluores-

cent molecules. The concentration profiles are Gaussian and broaden with a variance σ2 growing linearly

with time, from which the diffusion coefficient D = (σ2 � σ2
0 )/2t of the dye is obtained, with σ0 the initial

variance of the lamella. In this purely diffusive process, the mixing time of a the lamella is typically

tM ⇠ b2
0

D
, (I.5)

with b0 ⇠ σ0 the initial half-width of the lamella.

I.2.3 Mixing in a strained liquid: the Ranz formalism

In a stirred liquid, both the straining flow and molecular diffusion influence mixing. The evolution of the

mix is thus conditioned by the Péclet number,

Pe =
γ̇b2

0
D

, (I.6)

which compares the typical time scale of the flow γ̇�1, with γ̇ the typical strain rate, to the typical diffu-

sion time scale for a still liquid, b2
0/D. For an incompressible flow, the concentration field C follows the

advection-diffusion equation

∂tC + ur· C = D∆C , (I.7)

which has no general solution when the stirring flow field u is complex.

However, for conventional liquids, most flows organize the concentration field in the form of lamel-

lae. In that case the diffusion problem becomes essentially unidimensional and can be simplified. Ranz

introduced a change of variable [38], analog to that used by Plesset & Zwick [65] and Taylor [51] before,

which transforms the advection-diffusion equation into a simple diffusion equation, for which solutions
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FIGURE I.4: Ranz formalism used to treat advection-diffusion of the thin lamellae formed by stretching (adapted from [1]).
(a) Coordinate definition in the lamella reference system. (b) Diffusion of a blob which is stretched in the y0-direction

and compressed in the x0-direction.

are known. Let us consider a two-dimensional flow and place ourselves in the Lagrangian frame of ref-

erence (x0, y0) moving, in position and in orientation, with a slender lamella of width 2b(t) (see Fig. I.4).

The y0-axes is aligned with the stretching direction, the x0-axes is transverse and close to the direction

of the concentration gradient, and locally the flow is approximately {u0, v0} = {ḃx0/b,�ḃy0/b}. In this

reference frame, assuming that the concentration gradient ∂y0C along the lamella is negligible compared

to the gradient ∂x0C across the width, equation (I.7) becomes

∂tC +
ḃ

b
x0∂x0C = D∂2

x0C . (I.8)

Introducing the following change of variables [38]

ξ =
x0

b(t)
, and T = D

Z t

0

dt0

b(t0)2 , (I.9)

which express lengths relative to b and time as a dimensionless warped time T , equation I.8 can be

recasted into the simple diffusion equation

∂T C = ∂2
ξC . (I.10)

The solution of equation I.10 gives the evolution of the blob concentration, namely

C(ξ, T ) =
C0

2



erf
✓

ξ + 1/2p
2T

◆

� erf
✓

ξ � 1/2p
2T

◆�

, (I.11)

for a top-hat initial condition, or

C(ξ, T ) =
C0p

1 + 2T
e�

ξ2
1+2T , (I.12)

when the initial profile of the lamella is Gaussian. In the long time, the width of the lamella, which is

both stretched by the flow and broadened by diffusion, evolves as

bAD(t) !
p

1 + 2T b(t) . (I.13)

The mixing time tM, at which the maximal concentration starts decaying significantly, is reached when

T = 1, and the width of the lamella at this time, which is also called the Batchelor scale, is given by

bAD(tM). The expressions of tM and bM depend on the thinning history b(t) of the lamella, which itself

depends on the stirring flow. To gain some insight and intuition about simple cases of mixing, we will

apply below the Ranz formalism to simple flow configurations.
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shear flow. (b) Normalized blob width bAD/b0 versus time for different Péclet numbers. (c) Normalized maximal

concentration Cmax/C0 versus time.

I.2.3.a Simple shear flow

We consider a lamella of dye, with an initial concentration C0, an half-width b0, which is initially per-

pendicular to the flow direction, in the simple shear flow {u, v} = {γ̇y, 0} shown in figure I.5a. As the

lamella is sheared, it is thinned down by the flow as

bA(t) =
b0

p

1 + (γ̇t)2
, (I.14)

which accounts only for the effect of the advection field (i.e. for Pe = ∞). From this ’advective’ thinning,

the Ranz dimensionless time T = D
R t

0
dt0

bA(t0)2 is computed as

T =
1

Pe



γ̇t +
(γ̇t)3

3

�

' 1
Pe

(γ̇t)3

3
, for Pe � 1 . (I.15)

From the solution of the diffusion equation in the Ranz coordinate system (attached and scaled with the

lamella), the maximal concentration evolves as

Cmax(t) =
C0p

1 + 2T
' C0
q

1 + 2
3
(γ̇t)3

Pe

, (I.16)

while the width of the lamella follows

bAD(t) =
p

1 + 2T bA(t) '

q

1 + 2
3
(γ̇t)3

Pe
p

1 + (γ̇t)2
b0 , (I.17)

which accounts for both the kinematic thinning (bottom term) and the diffusive broadening (top term).

This evolution of the lamella width is shown in figure I.5b (adapted from [47]), for different imposed

Péclet numbers. The width first decreases like b/b0 ⇠ (γ̇t)�1 due to the compression imposed by the

shear. However, as the lamella thins down and aligns with the flow direction, the compression rate

decreases while the diffusive broadening rate increases. Both rates balance at the mixing time, given by

T = 1,

tM ' 1
γ̇
(3Pe)1/3 . (I.18)

when the width has decreased down to the Batchelor scale

bM ' b0
31/6

Pe1/3 . (I.19)
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Beyond tM, the diffusive broadening dominates and the width increases as b/b0 ⇠
p

γ̇t/Pe. Mean-

while, the maximal concentration, which has remained unchanged until approximately tM, decreases like

Cmax/C0 ⇠
p

Pe(γ̇t)�3/2.

I.2.3.b Purely extensional flow

In a purely extensional steady flow, {u, v} = {�ε̇x, ε̇y}, any blob of dye will be rapidly stretched in a

lamella aligned with the extensional direction and compressed as

bA(t) = b0 e�ε̇t . (I.20)

The Ranz dimensionless time is

T =
1

2Pe

⇣

e2ε̇t � 1
⌘

' e2ε̇t

2Pe
, for Pe � 1 , (I.21)

which gives

Cmax

C0
' 1
q

1 + 2
Pe e2ε̇t

���!
t�tM

r

Pe

2
e�ε̇t ,

bAD

b0
'

q

1 + 2
Pe e2ε̇t

eε̇t
���!
t�tM

r

2
Pe

, (I.22)

with a lamella width converging to the Batchelor scale

bM ' b0

r

2
Pe

, (I.23)

and a mixing time

tM ' 1
ε̇

ln 2Pe

2
, (I.24)

which depends only logarithmically on diffusivity, as a consequence of the exponential stretching by the

flow.

I.2.3.c Chaotic flow

Let us consider now flows that are not steady anymore and complex enough to be chaotic. A flow is

chaotic when it is not deterministic, in practice, because of a diverging sensitivity to initial conditions.

Stretching by the flow is not deterministic anymore, but it is determined in a statistical sense, by the

average and variations over a large number of histories. Such chaotic flows are frequently encountered,

for instance at very large Reynolds numbers, where flows are turbulent. However, chaoticity does not

necessarily require inertia. Many viscous flows are chaotic (for instance in porous media [19, 66, 67],

in suspensions of solid particles [48, 68], or with rather simple stirring protocols[42, 43]), and these are

generally referred to as laminar chaotic flows. The diverging sensitivity to initial conditions, means that

two infinitesimally close tracers of the flow will eventually separate, on average, at a certain exponen-

tial rate, κhε̇i, where hε̇i is the average strain rate of the flow and κ is a positive number known as the

dimensionless Lyapunov exponent. This exponential rate of separation is important for mixing, because it

implies that a blob of dye with a size smaller than the smallest scale of the flow experiences, on average,

an exponential thinning [69] given by
bA

b0
⇠ e�κhε̇it , (I.25)
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a) b) c)

FIGURE I.6: Example of a chaotic laminar flow (adapted from [42]). (a-b) Schematics of the deformation of a blob by
the stirring rod and schematics of the ‘eight-shaped’ stirring pattern. (c) Experimental observation of the chaotic

advection pattern highlighted by the stretched blob of dye.

from which the characteristic mixing time is

tM ' ln(2κPe)

2κhε̇i , with Pe =
hε̇ib2

0
D

. (I.26)

The origin of the exponential stretching emerging in chaotic flows can be understood by considering

that fluid material lines undergo successive cycles of stretching and folding. For instance, for the stirring

protocol illustrated in figure I.6 (adapted from [42]), the stirring rod moves in a viscous fluid along an

’eight-shaped’ trajectory, repeatedly crossing its previous path, which stretches and folds the liquid iter-

atively. In this flow, a blob of dye is stretched exponentially and mixed fast (after only a few typical flow

timescales (κhε̇i)�1).

Of course, the description of mixing in complex and chaotic flows has been pushed much further than

the above picture. First, the full statistics of stretching can generally be documented. On long times, the

accumulated stretch becomes equivalent to that of a random sequence of uncorrelated stretching events

and its statistics converge to a log-normal distribution set only by the average and standard deviation

of the stretching of a Lagrangian fluid particle over the correlation time τ of the flow [44, 68, 70]. When

the typical correlation strain scale hε̇iτ is small, the average and variance of the Lagrangian stretching

can also be related to the Eulerian quantities [68]. The stretching distribution, which simply quantifies

how some parts of the blob are much more stretched than others, can be used to obtain more accurate

predictions for the evolution of the concentration distribution, either in the so-called limit of the solitary

strip, when the different parts of the lamella do not interact, or in at later times, when portions of lamella

partly overlap because the distance between them keeps decreasing as a consequence of the repeated

foldings [1, 19, 45, 46, 48]. We do not detail here these statistical descriptions of mixing which, although

very interesting, will not be of use for the remainder of the manuscript.
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I.3 Diffusivities in viscous liquids

Dealing with liquids of different viscosities means dealing with at least two substances, which both have

a significant mass fraction in practice. In our particular case, to access a wide range of viscosity ratio,

we use solutions of polymers in water, for which the two substances have very different molecule sizes.

This difference in size implies different modes of motion and eventually different mobilities of the two

substances. We will briefly review, below, what are the different mobilities and their dependence on

viscosity, and how solutions with different concentration diffuse into each other.

I.3.1 In a uniform liquid

When there are no gradients of concentration or temperature and no external force, the system is at

equilibrium. Diffusion does not drive net macroscopic motions, since concentrations are not evolving,

and it only concerns individual molecules. As mentioned above, in this case, the diffusion coefficient of

any molecule, also referred to as ‘self-diffusion’ coefficient of this molecule in the mixture, is set by the

thermal agitation as [57–59]

D = µ kBT, (I.27)

with µ the mobility of the molecule in the mixture introduced in §I.2.2. If the mixture contains both

large and small molecules, like our aqueous solution of long polymers, equation I.27 implies that the self-

diffusion of the large polymer molecules is much slower than that of the small water molecules, because

the mobility µ of the polymer is much smaller. Additionally, if the polymer molecules are much larger

than most of the other molecules of the mixture (e.g. for the diluted solution of long coiled polymers

sketched in figure I.7), their mobility follows the Stokes-like form µ = 1/6πηa, with η the viscosity of

the mixture and a the hydraulic equivalent radius of the coiled molecule, from which the self-diffusion

coefficient of the polymer molecule

D ⇡ kBT

6πηa
∝ 1/η , (I.28)

is inversely proportional to the mixture viscosity [57, 71, 72].

However, in most of the cases we will consider, the mass fraction of polymer in the solution is sig-

nificant, and the polymer molecules diffuse with different modes of motion, which breaks the inverse

dependance on the viscosity of the mixture. In this concentrated case, polymers are entangled and diffuse

with a ’reptative-like’ motion between the other polymer molecules [74, 75]. As illustrated in figure I.7c,

small molecule solvent

large coiled polymer 
molecule

b)a)

FIGURE I.7: Diffusivity of a single long polymer molecule. (a) In a solvent of smaller molecules, the diffusivity of a long
coiled polymer molecule is close to the Stokes-Einstein law D ∝ 1/η. (b) In a solution with a large mass fraction
of polymers, the mobility of a long polymer molecule is limited by other modes of motion (reptation...), and its
diffusivity is not inversely proportional to the viscosity of the solution anymore (D 6= 1/η). Right: product between
the self-diffusivity and viscosity of a polymer melt (no solvent) versus the molar weight of the polymer (adapted

from [73]).
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with experimental data by [73] for long polymer chains in their own melt (no water), the self-diffusion

coefficient does not decrease as fast as the viscosity of the mixture increases.

Experimentally, to access the self-diffusion coefficient one needs to tag one or an assembly of molecules

in a uniform solution without changing the way these molecules diffuse. This can be done using similar

molecules of different colors or fluorescent molecules, which may be photobleached over a certain region

([76] and see Fig. I.5), but the most exhaustive measurements use Nuclear Magnetic Resonance (NMR)

techniques. These echo-based techniques (pulsed-gradient-spin-echo NMR) use pulse sequences [73, 77,

78]. A first ‘write’ pulse sequence spatially labels the mixture (changing the magnetization of the proton

spatially). After a certain delay of typically 100 ms, during which molecules diffuse, a second ’read’ pulse

sequence, refocuses the signal. The larger the protons have moved the lower the refocused signal, which

allows to infer the diffusion coefficient of the labeled molecules. This technique introduced by Carr and

Purcell in 1954 [79] allows to distinguish between the different type of molecules of the mixture, and

obtain the self-diffusion coefficient for each.

I.3.2 In a non-uniform liquid

In a non-uniform liquid, diffusion does drive a net macroscopic motion, which tends to equilibrate con-

centrations. If we consider for instance the diffusive front between two solutions of polymers in water

with different concentrations sketched in figure I.8a, there is a net diffusive motion of polymers to the

right and a net motion of water to the left. This combined motion is called interdiffusion or mutual diffu-

sion. It depends on the ‘relative mobility’ or inverse ‘friction factor’ between the two substances (polymer

and water) moving through each other, and on whether their is a significant enthalpy of mixing or not.

The ‘relative mobility’ itself is qualitatively related with the mobilities of the two substances in the uniform

mixture, but no simple quantitative relation exists in general [81]. Just like for self-diffusion, the interdiffu-

sion coefficient for entengled solutions of polymers is not inversely proportional to viscosity. Altogether,

the interdiffusion coefficient D(C,rC) may depend non-trivially on the local concentration and possibly

on the concentration gradient.

However, when the enthalpy of mixing is low (meaning the energy of the mix is close to that of

the segregated state), the mixture is called ‘ideal’, diffusion is driven by thermal agitation only, and the

diffusion coefficient D(C) does not depend on the concentration gradient. In this case, the linearity of the

diffusion equation is lost (∂tC = D(C)∆C, is nonlinear), which implies that the diffusion time may depend

b)a)

Water 

motion

Polymer

motion

FIGURE I.8: Diffusion between solutions of different concentration. (a) Sketch of a binary diffusion problem (top) and time-
evolution of the concentration profile (bottom). (b) Diffusion between a solvent (dimethylacetamide) with 25 w% of
polymers (vinyl acetate-acrylonitrile copolymer, Mw ⇠ 200k) and the pure solvent (figure adapted from [80]). Top
left: Interference pattern observed through a medium with constant refractive index. Lower left: Initial front between

the two solutions. Right: Diffusive evolution of the front after 150 s (top) and 510 s (bottom).
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on the initial concentration difference and that the shape of the concentration profile across a mixing front

may deviate from the case D = cste (the Gaussian or error functions given in Eq. I.3). Nevertheless, the

long term solutions of ∂tC = D(C)∆C remains self-similar in
p

t/x, which means that at long time the

front keeps spreading diffusively with a variance σ2
C ∝ D⇤t, where D⇤ is related to the diffusivity D(C)

over the concentration range spanned by the front.

In the present thesis, we are interested in the diffusive evolution of the viscosity field η(x, t). Since in

our system the viscosity is determined uniquely by the concentration of polymer as η(C), it will have the

same long time diffusive evolution as the polymer concentration C, i.e., with a spatial variance σ2
η ∝ D⇤t.

We will see below (§II.2.1) that we actually track the viscosity field with the help of a fluorescent dye

bound to some of the polymers, and that it will turn necessary to clarify how much the fluorescent signal

follows the viscosity field. This subtile point will be the topic of a full section of this thesis.

In practice the interdiffusion coefficient is measured, by observing the mixing front between solutions

of unequal concentration, and the concentration of the two solutions is usually varied to infer the depen-

dance D(C). This demands to create a sharp front and monitor the evolution of concentration, using dyed

substances [82, 83], or optical techniques based on refraction index contrast between the two solutions,

for instance interferometry [80, 84], as illustrated in figure I.8, or schlieren techniques, as we will use in

this thesis (see §II.3.2.b, [85]).
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I.4 Kinematics of deformation of an heterogeneity

Having stressed how a non-uniform viscosity influences the diffusion process, we now present the lit-

erature regarding how heterogeneities in viscosity affect the flow kinematics, in the absence of diffusion

(Pe = ∞). We focus most of the discussion on the case of an heterogeneity with a viscosity ratio λ in a

simple shear flow. For our mixing problem, the liquids are miscible, and there is thus no surface tension

between the heterogeneity (blob) and the bath. In this case (infinite Pe, no surface tension), the kinematics

depend only on the viscosity ratio λ and the initial shape of the heterogeneity. This parameter space is

sketched in figure I.9, for the particular case of ellipsoidal shapes. We have chosen such ellipsoidal shapes

because some results are known for them, which illustrate precisely the different dependences of the flow,

and also because they will turn to be particularly relevant for our mixing study, given the spherical initial

condition we use.

isoviscous blob
ellipsoidal solid
Jeffery (’22)

psps

spherical blob
Taylor (’34)
phephe

FIGURE I.9: Parameter space for the non-diffusive deformation kinematics of a viscous ellipsoidal heterogeneity in a simple shear
flow.

We have seen so far what happens to an isoviscous blob (λ = 1). It is linearly stretched by the flow,

whatever its initial shape is (arbitrary a/b, b/c), and eventually converges to a more and more slender

lamella which aligns with the flow direction. This covers the red vertical line in the plot of figure I.9. In

the case when the blob is much more viscous than the surrounding bath (λ � 1), a useful reference is

the limit λ = ∞ studied by Jeffery [86], for the motion of ellipsoidal solid particles sheared in a viscous

liquid (vertical green line in the parameter space). On the other hand, for the case of close to spherical

heterogeneity (a ⇡ b ⇡ c) and arbitrary viscosity ratio (all λ, horizontal line in the parameter space), there

is a vast literature initiated by Taylor [87]. This literature concerns droplets, having a surface tension, but

it contains some limit results (for large capillary numbers), which are actually directly relevant to the no

surface tension case. Beside these limiting cases, much less literature has considered the non-isoviscous

miscible case (finite λ 6= 1 and arbitrary a/b, b/c), which covers all the parameter space but the three

lines we have mentioned. This may be related with the experimental difficulties of controlling the initial

condition, which is actually crucial for the deformation process. We will review successively all these

different cases.

I.4.1 Solid particle

The simplest case is, of course, that of a solid sphere. In a flow with shear rate γ̇, a sphere rotates steadily

around the vorticity axis with the same rotation rate as the flow vorticity γ̇/2 (see Fig. I.10a). The flow

around has been solved by Einstein [89], and the streamlines, which feature a recirculating region, com-

puted by Cox [90]. For the case of an arbitrary ellipsoidal solid (arbitrary a/b, b/c), Jeffery [86] has shown

that the ellipsoid follows a complex orbital motion around its center, which depends on its initial orienta-

tion relative to the flow. The orientation and the motion involve three angles, in the general case. For the

particular case of an axisymmetric ellipsoid (b = c), the azimuthal and polar angles ϕ and θ, represented
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a) b)

FIGURE I.10: A solid ellipsoid in a simple shear flow. (a) A solid sphere in a simple shear flow rolls with a rate ω = γ̇/2.
(b) A solid ellipsoid follows an orbital motion, described by Jeffery [86]. Five different orbits corresponding to five

different initial orientations for an axisymmetric ellipsoid with aspect ratio a/b = 10 (adapted from [88]).

in figure I.10b, follow

tan ϕ =
a

b
tan

γ̇t
a
b +

b
a

, tan2ϑ =
1/k2

a2

b2 cos2 ϕ + b2

a2 sin2 ϕ
, (I.29)

with k an integration constant defining the initial polar angle ϑ. For these orbits, some of which are

represented in figure I.10b [88], the ellipsoid rotates about the vorticity axis (z) with a non uniform velocity

and with a precession angle ϕ oscillating periodically. The period depends on the aspect ratio as

T =
2π

γ̇

✓

a

b
+

b

a

◆

. (I.30)

I.4.2 Immiscible liquid drop

The case of drops has been intensively studied both experimentally [87, 91–96] and theoretically [87, 95–

102], with concerns regarding the viscosity, the formation and the stability of liquid-liquid emulsions.

Since drops have an interfacial energy σ, the kinematics depends on an additional dimensionless num-

ber, the capillary number Ca = ηaγ̇
σ , which gives the magnitude of viscous stresses relative to capillary

stresses, with γ̇ the shear rate of the flow and η the bath viscosity.

Following the influential works by Taylor [87, 97], much attention has been devoted to the deformation

and the conditions for the burst of the drop in a simple shear flow, which lead to its fragmentation. In

particular, for low shear rates (Ca ⌧ 1) capillarity dominates, and the drop, which is exactly spherical at

rest, remains close to spherical in the shear. In this case, the drop rapidly reaches a steady shape with a

deformation [87]

a � b

a + b
' 1 + 19

16 λ

1 + λ

ηaγ̇

σ
, for Ca =

ηaγ̇

σ
⌧ 1 , (I.31)

which is proportional to the shear rate. Higher order expansions, valid at slightly larger capillary num-

bers, have also been proposed [98–101].

When viscous stresses becomes more important (larger Ca, i.e., larger shear rate), the situation is

qualitatively different depending on the value of the viscosity ratio λ. As illustrated in figure I.11a, for

low viscosity ratios (λ . 4), increasing the shear rate leads to more and more elongated drops, which

destabilize and break above a certain critical capillary number. But for larger ratios (λ & 4), increasing

the shear does not increase deformation. The drop maintains a steady rolling-like motion, which becomes
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a)

b) c)

FIGURE I.11: A droplet in a simple shear flow. (a) Snapshots illustrating the deformation of a low viscosity droplet in a
simple shear flow (λ = 0.001, the capillary number, indicated as F, is increasing from 0 to ' 2.30, from left to right).
As the shear rate is increased, the deformation increases (adapted from [87]). (b) Critical capillary number at which
a drop breaks up versus viscosity ratio (adapted from [91]). (c) The initial oscillating deformation of a much more
viscous drop (λ = 25) is ‘damped’ by capillarity until the drop converges to a steady shape (Ca ' 0.36, adapted from

[92]).

independent of the shear rate (at sufficiently large shear rate), and which is only set by the viscosity ratio.

In this case, the larger the viscosity ratio, the closer the drop from the solid sphere case. Asymptotically,

the deformation of the drop follows

a � b

a + b
' 5

4λ
, for Ca =

ηaγ̇

σ
� 1 , and λ � 1 , (I.32)

which has also been derived by Taylor [87]. This qualitatively different behavior between low (λ . 4)

and large viscosity ratios (λ & 4), is illustrated in figure I.11b, which reports the critical capillary number

for the burst of the drop as a function of the viscosity ratio λ [91]. The critical capillary number is finite

for low λ but diverges at a value of λ close to 4, because above this value the viscous flow can maintain

an endless rolling-like motion of the drop even without surface tension.

Importantly, even if the steady shape hardly depends on capillarity, the fact that the drop eventually

reaches a steady shape (if it does not burst) is in all case due to capillarity. Indeed, at rest the drop has an

exactly spherical shape, and when the shear is started the drop does not pass by the steady equilibrium

shape, but ’overshoots’ and orbits around. For a large viscosity (λ & 4), this initial motion combines

a rotation and small amplitude periodic stretching, as illustrated in figure I.11c. The amplitude of the

oscillation is ‘damped’ by capillarity after a few oscillations (in this overdamped flow, capillarity is indeed

a ‘damping’ term).

Last, as already realized and experimentally verified by Taylor [97], the qualitatively different behav-

ior observed for vanishing capillary effects, between drops with a low viscosity ratio (λ . 4) and those

with a large ratio (λ & 4), is related with the vorticity of the simple shear flow. In a purely extensional

flow, i.e., with no vorticity (∂xv � ∂yu = 0), all drops behave qualitatively the same. For large viscous



I.4. Kinematics of deformation of an heterogeneity 17

stresses (Ca � 1), they are eventually stretched by the flow, however large the viscosity ratio λ.

I.4.3 Miscible drop

The case without surface tension has also been considered explicitly, not for addressing miscibility effects,

but rather because studies were concerned with geological applications, in particular convective motions

in the Earth mantle, which can, on geological timescales be seen as a creep flow with large viscosity

contrasts. Theoretical studies have considered both simple shear and purely extensional flows. For the

simplified geometry of a two-dimensional elliptical blob Spence et al. [8] and Manga [10, 103], have

recovered qualitatively the viscous phenomenologies identified by Taylor. In particular, in a shear flow

for a viscosity ratio λ & 4, an initially spherical blob does not stretch but follows a rolling-like motion with

periodic stretching. They have also identified that when the blob is sufficiently elongated (because it was

initially slender, or had a sufficiently low viscosity to be stretched by the flow) the deformation of the blob

becomes essentially independent of the viscosity ratio. Bilby, Eshelby & Kuldu [104] and later Wetzel &

Tucker extended the modelization to the case of a three dimensional ellipsoidal blob, by time integrating

the exact solutions of the analog elastic problem solved earlier by Eshelby [105], with qualitatively similar

conclusions. Chaotic flows have also been considered with simulation by Merveilleux DuVigneau and

Fleitout [11] and later by Florek & Tucker [106], who have reported an initial slow-down of the stretching

of the blob by the flow.

Experimentally, Comas-Cardona & Tucker [107] managed to confirm the phenomenology for an ini-

tially spherical blob in a simple shear flow, using a protocol where the viscous blob is immersed in the

bath in a frozen state to obtain a close to spherical initial condition.
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I.5 Goal of the thesis & manuscript overview

The brief introduction above highlights the need to study and better quantify the evolution of viscous

heterogeneities. This problem is particularly relevant given the considerable range of applications, in

geophysics, biology or industry. From a more fundamental point of view, motivation also stems from

the lack of information on the deformation kinematics of such heterogeneities for the different regimes

of deformations. So far, most studies on heterogeneities concern solid objects or drops for which surface

tension eventually plays a role, in particular for highly stretched heterogeneities. Only a few studies have

focused on miscible liquids, but a systematic and analytically tractable knowledge on the deformation

kinematics is still needed. It is needed, obviously, as a base for studying the mixing problem, but also for

its importance to address other potential consequences of the kinematics, such as rheology or pattern for-

mation. Regarding the mixing question itself, most studies are restricted to isoviscous situations, and to

date there is no theoretical framework developed to predict how, and in how much time, heterogeneities

in viscosity mix.

As already motivated above, we have chosen to tackle this mixing question for the case of an isolated

and initially localized heterogeneity, in a purely viscous flow, at large Péclet number, in both a simple

shear and a chaotic laminar flow. This may seem two rather simplified situations, but we will see that

they are, above all, very insightful situations, which will allow us to reach a deep fundamental under-

standing of many of the key mechanisms involved in the problem. We will in particular address the

following questions: How does the viscosity contrast between the blob and the stirring bath affect the

blob kinematics of deformation and its stretching rate? How to describe the inter-diffusion process be-

tween two liquids of unequal viscosity? How does diffusion couple to the stretching kinematics to set

the mixing time of the blob? Are there significant feedback mechanisms due to the influence of the dif-

fusion of the viscosity field on the flow? Would a dye initially segregated in one of the two liquids mix

differently than the viscosity itself?

The manuscript is organized as follows. Chapter II provides a description of the material, protocols

and experimental methods developed for this thesis, in order to control the Péclet number of the flow, the

viscosity ratio of the liquids, the initial condition, and to characterize the whole mixing process. Chapter

III is devoted to the simple shear flow configuration. The deformation kinematics and mixing process of

viscous blobs are studied for a wide range of viscosity ratios and Péclet numbers. This work characterizes

the remarkable kinematic transition from a stretching to a rolling-like deformation of the blob, as the

viscosity ratio is increased, and shows how the mixing time may become independent of the stirring

rate. Chapter IV extends the study to chaotic laminar flows, where the mixing time at large viscosity

ratio is dominated by a long substretching regime and becomes, by contrast, virtually independent of

the diffusivity. Last, a summary of the results and a discussion about their generality is provided in the

conclusion.



Chapter II

Experimental methods &

characterizations

To study experimentally the mixing of liquids of different viscosities, we need to choose and design a

model experimental system which allows us to vary the viscosity ratio between the two liquids, to con-

trol the flow, and last, to visualize and quantify the evolution of the viscosity field for different Péclet

numbers. The present chapter motivates the experimental choices and details the methods and neces-

sary characterizations that will be used in the following chapters. In particular, we first introduce the

liquids and characterize their viscosity as well as other relevant physical quantities. We present, then, the

fluorescence technique used for visualizing and quantifying the deformation and mixing of the blob. A

large part of this chapter is also devoted to characterize the different diffusivities involved in the mixing

dynamics, using a purely diffusive (no flow) setup and complementary observation techniques. Last, we

present the technique developed to prepare and control the initial shape of the blob.
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II.1 Liquids

II.1.1 Choice of the liquids

The choice of the liquids used for the blob and the bath is subjected to three main experimental con-

straints. First, the two liquids must be fully miscible and have a Fickian effective inter-diffusion coeffi-

cient, which is large enough to keep a reasonable experiment duration for the millimeter-size blob we

use. Second, both liquids should be Newtonian and viscous enough to ensure a low Reynolds number

condition. Their viscosity ratio λ must be varied continuously over a broad range, from the isoviscous

case (λ = 1) to highly contrasted viscosities (λ ⌧ 1 and λ � 1). Last, the liquid of the bath should be

transparent and the liquid of the blob should be made visible to follow its deformation and mixing.

To cope with these requirements, we work with aqueous polymer solutions. We use a commercial

copolymer provided by Dow (Ucon 75-H-90000). It is a linear polyalkylene with 75wt% of ethylene oxide

groups, 25wt% of propylene oxide groups, and a molecular weight of 12000 g mol�1. This specific combi-

nation of hydrophilic and hydrophobic monomer groups ensures that, despite the rather large molecular

weight, the polymer melt (no water in the solution) remains liquid at ambient temperature, with a New-

tonian viscosity of order 40 Pa s. It also ensures that the polymer is soluble in water at all concentrations.

This means that by properly choosing the mass fraction f of polymer in the solutions for the bath and the

blob, we can experimentally access more than four decades of viscosity ratio. Additionally, the following

characterizations (see §II.3) will show that the effective diffusion coefficient in the presence of water is of

order D ⇠ 10�11 - 10�10 m2 s�1, which corresponds to a purely diffusive time 1 mm2/D ⇠ 104 s. Last, the

water-polymer solutions are transparent at all concentrations.

II.1.2 Viscosity ratio λ

The viscosity ratio, λ, is controlled by tuning the mass fraction of polymer f in the solutions for the bath

and for the blob. Therefore, the viscosity dependence on f has to be characterized systematically. To this

end, we prepare ten sample solutions, with f varying from 0 to 1 in steps of 0.1, which we characterize

with the help of a small gap, cone-plate rheometer (Aanton Paar MCR 501). The shear viscosity is mea-

sured for shear rates linearly ramped between γ̇ ' 0.3 s�1 and γ̇ = 5 s�1 and at a temperature of 22�C,

which match the typical range of shear rates and the temperature in the mixing flow experiments.

a) c)b)

bath viscosity

FIGURE II.1: Viscosity of the water-polymer solutions. (a) Viscosity η for different polymer mass fractions f at the
temperature of the mixing flow experiments (22�C). The red circle and square highlight the two solutions used for
the bath in the mixing flow experiments. (b) Viscosity η versus applied shear rate γ̇ ( f = 0.5). (c) Viscosity ratio
λ obtained in the mixing flow experiments versus the polymer mass fraction in the blob fblob for the two different

baths.
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As shown in figure II.1a, the viscosity increases regularly (close to exponentially) from η ' 1 mPa s,

for f = 0, to η ' 39 Pa s, for f = 1. Importantly, the viscosity is found to be constant within ±1 %, over

the whole range of the explored shear rates (see fig II.1b for f = 0.5), which shows that the liquids can be

considered as Newtonian in the mixing flow experiments.

To explore large viscosity ratios (λ ⇠ 102), the bath viscosity must be kept small enough. Conversely,

to ensure a purely viscous flow (small Reynolds number) and limit the effect of the small density mis-

match (see also §II.1.3), the bath viscosity must remain fairly large. In practice, this tradeoff led us to use

two different baths with viscosity η = 0.3 Pa s and η = 1 Pa s, respectively. For each of them, figure II.1c

indicates the viscosity ratio λ obtained as a function of the mass fraction f in the blob.

II.1.3 Density matching

Changing the mass fraction of the polymer also changes the density of the solutions. To limit creaming or

settling of the blob due to a density mismatch with the bath, the density of the bath and the blob must be

carefully matched. To this end, we first characterize the density of the polymer solutions. It is measured

at the experiment temperature of 22�C, with the help of a densimeter, and is plotted versus the polymer

mass fraction f in figure II.2a. The density is found to increase by typically 10% up to f ⇡ 0.8, beyond

which it slightly decreases. To match the bath and the blob densities, we add salt either to the bath, when

it is lighter (which corresponds to λ > 1), or to the blob when the bath is denser (λ < 1). Due to the

large volume of solution needed for the bath, we use table salt (sodium chloride, with molecular mass

' 58 g mol�1) in the first case, and caesium chloride (' 168 g mol�1) in the second.

Figure II.2b shows how the density of the two different baths increases with the mass fraction of

added salt fsalt. In both cases, density goes beyond the maximal density without salt, which means that

the density of the blob can be matched by adding salt to the bath for all viscosity ratios λ � 1. A similar

calibration curve is obtained when adding salt to the blob solution (λ < 1, not shown). In practice, we use

a linear interpolation through the calibration data to compute the exact quantity of salt to be used. This

procedure leads to a density matching within typically ±1 kg m�3, which keeps the blob settling velocity

below a few microns per second (i.e., much smaller than the typical shear velocity γ̇b ⇠ 1 mm s�1).

The addition of salt also shifts the viscosity of the solutions. For instance, adding 3% of salt to a

solution with f = 0.5 decreases viscosity by typically 10%. The variation in η is close to linear with the

added salt mass fraction. We measure and take into account this variation to determine the exact value

of λ in all the experiments.

a) b)

FIGURE II.2: Density matching of the water-polymer solutions. (a) Density ρ for different polymer mass fraction f (with-
out salt). Red circle and square: the two different mass fractions used as bath in the mixing flow experiments. (b)
Increase in the bath density with the mass fraction of added salt fsalt. Horizontal line: maximal density, without salt,

measured for f ⇡ 0.8. Dashed lines: linear interpolation used to match the bath density with the blob density.
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II.1.4 Preparation of the liquids

Each water-polymer solution is prepared by weighing the water mass mH2O and the polymer mass mP to

obtain the desired mass fraction

f =
mP

mH2O + mP
.

The solution is then mixed with either a magnetic stirrer, for the large volumes of the bath, or a fast-mixer

(SpeedMixer FV2), for the smaller volumes used to prepare the blobs. In both cases, mixing leads to the

nucleation or trapping of air bubbles, which are removed by letting the solutions rest overnight. For

solutions with salt, the salt is dissolved in the needed amount of water using a magnetic stirrer, and the

resulting solution is mixed with the polymer.
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FIGURE II.3: Visualization of the viscosity field. (a) Principle of the Planar Laser-Induced Fluorescence technique used
to track the blob in the flow experiment (and in the static setup to measure the diffusivities). (b) Schematics of the
fluorescent polymer, designed and chemically synthesized for us by Prof. Eric Drockenmüller, by binding Rhodamine
to the polymer. (c) Refraction index of the solution versus polymer mass fraction (at wavelength 470 nm), which will

be used for the schlieren visualization method (see §II.3).

II.2 Principle of the visualization techniques

Characterizing mixing requires the quantification of a diffusive front in either a still or a moving liq-

uid. We use the common vizualization technique of Planar Laser-Induced Fluorescence (PLIF), which

consists in diluting a fluorescent dye in a subpart of the liquid and obtaining the concentration field of

the dye through measurements of the fluorescent intensity field (using a uniform illumination and suf-

ficiently diluted concentration to keep fluorescence intensity proportional to concentration). However

in the present study the liquids we mix are already binary solutions of molecules with very different

size (MH2O ' 18 g mol�1, while Mpolymer ' 12 kg mol�1). In order to avoid complex ternary diffusion

problems [108, 109] due to the introduction of an additional fluorescent molecule, we choose to bind the

fluorescent molecule to the polymer. This visualization technique will be used both to characterize the

effective diffusivities (see §II.3), and to visualize and quantify the blob mixing in the shear and chaotic

flow configurations (chapters III, IV).

Besides the fluorescence technique, we also use a schlieren technique which is sensitive to the re-

fraction index gradient in the mixing front and gives direct access to the evolution of the viscosity field.

By contrast with the fluorescence technique, the schlieren technique can be made quantitative only in a

Hele-Shaw configuration. It will be used to better understand the non-trivial effective diffusion of the flu-

orescence signal (dyed polymers) between the two water-polymer solutions in order to interpret properly

the PLIF measurements in the three-dimensional mixing flow configurations.

II.2.1 Fluorescence

The fluorescence visualization technique (PLIF) involves a laser sheet to excite a fluorescent dye and a

camera to observe the fluorescent signal (see Figure II.3a). We use a 2 W green laser diode of wavelength

532 nm. To ensure a uniform light in the field of view, we use a rotating mirror to create the laser sheet,

which is focalized down to a thickness of 60 µm [47] with a system of lenses (not shown in the schematics).

The fluorophore is Rhodamine 6G. The molecule (that appears as a dark, red powder when it is pure) is

soluble in water and its absorption spectrum (500 to 559 nm) has a peak close to the laser wavelength.
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Light is re-emitted by fluorescence at larger wavelengths (between ⇡ 550 and 650 nm). To collect only the

fluorescent re-emission from the dye and block the reflected laser light, we use a high-pass filter which

cuts off all wavelengths below 590 nm.

Binding of the fluorescent agent: As introduced above, the Rhodamine molecule is bound to the poly-

mer to avoid complex ternary diffusion. The chemical design and synthesis of this fluorescent polymer

was realized for us by our collaborator Prof. Eric Drockenmüller, who is a chemist at the University of

Lyon. The fluorescent polymer is the same polymer molecule (Ucon 75-H-90000) with one rhodamine

molecule bound at each end (see schematic in figure II.3b). Its molecular weight (⇡ 12800 g mol�1) is

close to that of the bare polymer (' 12000 g mol�1), which ensures that both polymers (fluorescent and

non-fluorescent) have a similar mobility and diffuse similarly. In the experiments, a minute amount of

the fluorescent polymer (⇡ 10�5 in mass fraction [64]) is added to the solution of the blob to make it flu-

orescent. The quantity is chosen to have a large emission response while keeping the absorption across

the blob small enough (typically less than 5 % over 3 mm), to ensure that laser excitation remains close to

uniform. In this case, the re-emitted light intensity is proportional to the dye concentration. However, we

will see below that this proportionality does not apply when the amount of water in the blob solution is

too small.

Photobleaching: A common experimental difficulty when using PLIF is that a continuous illumination

of the fluorescent dye over a long time may lead to a permanent degradation of its emission efficiency

called photobleaching. The magnitude of this photobleaching effect depends on the laser fluence and on

the duration of the exposure. To limit the effect in the mixing flow experiments, we use an attenuation

filter mounted on a actuated arm synchronized with the camera, which strongly dims the laser intensity

(by typically a factor 10�2) between image captures (see also §III.1.2). In the static experiment presented

in the next section, the laser light is even switched off between image captures. This allows to keep the

effect of photobleaching on re-emitted light intensity below 8%.

Fluorescence yield: Last, we encountered an effect most specific to our experiment. For a fixed dye

concentration, we find that the re-emitted light intensity strongly decreases for very viscous solutions,

i.e., those solutions which contain a small amount of water. As shown in figure II.4, the re-emitted light

intensity, for a fixed laser intensity, is almost constant for f between 0.1 and ⇡ 0.6. However, for larger

values of f (& 0.6) it drops significantly, presumably because the quantum efficiency of the dye decreases

when the amount of water in the solution is decreased. This leads to a non-trivial interpretation of the

relation between the fluorescence intensity and the concentration fields for more viscous blobs, which

will need to be considered when analyzing the data.

This feature can also be considered positively, in the sense that the fluorescent polymers therefore act

as a sensitive tracer for the presence of water. We will indeed see that when the blob is prepared with

pure polymer (without water), fluorescence provides a very contrasted signal of the diffusion of water

into the blob. Such a sensitivity could also be interesting in other contexts to detect the presence of water,

for instance, in experiments involving drying or chemical reactions.

II.2.2 Index of refraction

Fluorescence is not the only method for observing and quantifying the homogenization of our water-

polymer solutions. The index of refraction of the solution, n, also changes with the polymer mass fraction

f . This means that it can be used to infer the viscosity field. We will see in the next section how this can be

done in a simple configuration of a Hele-Shaw cell using a schlieren technique. As a calibration for this
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FIGURE II.4: Variation of the fluorescence yield. (Top) Snapshots of a 2.5 ⇥ 2.5 mm2 portion of sample fluorescent baths
showing the intensity of the re-emitted light for a fixed amount of fluorescent polymer (' 10�5 of mass fraction), but
different total mass fraction of polymer ( f ). Snapshots are obtained by keeping the laser intensity and the exposure
time of the camera fixed. (Bottom) Re-emitted light intensity relative to the case f = 0.1. (Insert) Schematics of the

measurements configuration. Visualization is from the top of the sample.

technique, we systematically measure the index of refraction of the water-polymer solutions as a function

of f . The measurements are made with a refractometer at the experiment temperature of 22�C. The light

supplied to the refractometer is a blue LED with a wavelength of 470 nm (the same light that will be used

to apply the schlieren technique in the Hele-Shaw cell). As shown in figure II.3c, the refraction index

increases monotonically with f , by approximately 10% over the full range of variation ( f = 0 to f = 1).

Since schlieren techniques can be made highly sensitive to gradients of the refraction index [110, 111], this

increase provides a sufficient dynamics to obtain accurate measurements of the polymer mass fraction f

from the index of refraction.
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FIGURE II.5: Static experimental setup used to characterize the effective diffusivities. (a) Schematics of the Hele-Shaw cell.
(b) Four-step protocol to obtain a sharp initial front between the two liquids, see text. (c) Schematics (top view) of the

general layout allowing to use the two visualization techniques at the same time.

II.3 Effective diffusivities

To control the Péclet number and to interpret and model the mixing flow experiments we need to clarify

the diffusion process between our solutions and characterize the effective diffusivities. To do so, we use

a Hele-Shaw configuration to observe the diffusion front between non-moving solutions with different

mass fraction and to quantify the unidimensional purely diffusive process. This characterization is done

using the fluorescence method (tracking the fluorescent polymers) and the schlieren method (tracking

both fluorescent and non-fluorescent polymers). These complementary observations will allow us to

interpret the non-trivial diffusion process between the water-polymer solutions.

II.3.1 Experimental setup

Figure II.5a shows the Hele-Shaw cell. It consists of two glass plates sandwiching plastic side walls. The

thickness of the side walls (digitally designed and laser-cut) set the uniform gap separating the glass

plates, ` = 0.5 mm, and allows to host a needle at the bottom for liquid injection. The characterization

of the diffusion coefficient is performed by placing the Hele-Shaw cell vertically, which stabilizes against

any convection currents the front between the more viscous (denser) solution, placed at the bottom, and

the less viscous (lighter) solution, placed at the top. The cell-filling protocol, sketched in figure II.5b is as
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follows:

i) the injection needle is filled with the more viscous solution and inserted at the bottom of the cell,

ii) the cell is filled with the less viscous (less dense) solution from the top of the cell. A reference image

is captured for the schlieren technique that will be described in the next section,

iii) the more viscous solution is slowly infused (from below) until the front between the two solutions

reaches the cell half-height,

iv) the cell is cleaned and sealed with glue at the top to avoid evaporation.

We monitor the diffusive mixing between the two solutions for typically 20 h, by acquiring images quadrat-

ically spaced in time. The process was initially done by hand and then automatized via remote control

of the components (laser and cameras). Importantly the characterization by the two techniques (fluores-

cence and schlieren) is done simultaneously, by taking images with the two camera at the same times.

II.3.2 The two measurements techniques

In the following we investigate the diffusion of the front between the two solutions and compare the re-

sults obtained from the fluorescence and the schlieren techniques. To do so, we detail the two techniques

and present a typical experiment in which the top side of the cell is filled with a non fluorescent solution

with polymer mass fraction f = 0.3 (η ' 0.1 Pa s), and the bottom side with a fluorescent solution with

f = 0.7 (η ' 6 Pa s).

II.3.2.a Fluorescence technique

In the present Hele-Shaw cell configuration, the laser sheet is placed vertically to illuminate a slab of

liquid along the long side of the cell, in the direction where the diffusion front spreads (see figure II.6a).

Figure II.6b shows a typical image of the light intensity re-emitted by the fluorescent polymer. The dark

strip corresponds to the side of the illuminated slab where the dye concentration is large (to facilitate the

visualization and lecture of the images, colors are inverted showing as dark the re-emitted light and as

b) c)a)

.
laser
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top
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liquid
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FIGURE II.6: Fluorescence technique (characterization of the diffusivities). (a) Schematics of the cell illustrating the vertical
slice of the liquid which is illuminated by the laser sheet. (b) Snapshot of the portion of the cell highlighted by the red
frame in (a), (taken t ' 12500 s after the injection). The dark line is the light re-emitted by the fluorescent polymer
(the white background corresponds to zero re-emitted light). (c) Concentration profile of the fluorescent polymer

along the y-axes obtained from (b). Markers show 1 every 10 datapoints.
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bright the zero intensity background). Figure II.6c shows the corresponding concentration profile, which

is obtained by averaging the light intensity profile over 20 pixels along the x-axis direction (the averaging

width is indicated by dashed lines in figure II.6b) and by defining

C(y)

C0
=

hI(y)i � Ib

IM � Ib
, (II.1)

where C0 is the maximal initial dye concentration, hI(y)i is the (x-averaged) intensity profile along the

vertical light sheet, Ib is the background light intensity and IM is the maximum light intensity (maximum

of hI(y)i at t = 0 immediately after the cell is filled).

II.3.2.b Synthetic schlieren technique

The synthetic schlieren technique uses the characterization of the refraction index described in the pre-

vious section (§II.2). The technique is used in the same fashion as in [112]. A background pattern is

observed through the transparent Hele-Shaw cell containing the mixing solutions. By quantifying the

optical distortion of the background pattern due to the refraction index gradients in the cell, we recon-

struct the spatial profile of the index of refraction. As an illustration, figure II.7b shows a snapshot of a

human-friendly background pattern observed through the cell when the liquid is uniform (constant re-

fraction index n, image A), and its distortion by the diffusive front between two water-polymer solutions

(finite index refraction gradient, image B).

In practice we do not use the human friendly pattern for quantification, we use a random background

pattern which allows to obtain accurate measurements of the apparent distortion by an image correlation

analysis. The random pattern is a semi-transparent sand-blasted glass plate, which is backlit with a

monochromatic light source (blue LED, 470 nm). It is positioned between the cell and the light, at a

distance Lp ' 18.2 mm from the cell (see figure II.5c). The camera is placed at a distance L0 = 55 cm from

the cell and is coupled with a macroscope lens (Sigma MACRO 180 mm DG HSM). The coupling gives

a resolution of 13 µm pix�1, and with a reasonable aperture of the lens, both the cell and the pattern are

within the depth of field. In the reference experiment, the refraction index varies continuously in the cell

from the value n( f = 0.3) at the top, to the value n( f = 0.7) at the bottom. During the diffusion of the

two liquids we observe an apparent displacement of the pattern ∆Y that can be measured (see below)

and related to the refraction index gradient inside the cell. This variation of n(y) is then used to recover

the mass fraction profile f (y) in the cell.

Figure II.7a shows the schematics of the light path, used to relate the apparent displacement of the

background pattern to the refraction index gradient in the cell, across the setup (not in scale). The blue

line indicates the reference light path from a point of the background pattern at height YA through a

uniform liquid (∂n/∂y = 0). The solid red-green line indicates the light path in the presence of a negative

refraction index gradient (∂n/∂y < 0), in which case light is deflected towards the large n, i.e., towards

the bottom of the cell. The green dashed line is the virtual path from a point of the background pattern at

height YB, which defines the apparent displacement of the pattern ∆Y = YB � YA.

From figure II.7a, we can quantify and relate the paths. In the absence of refraction index gradient,

the light path across the interfaces is given by the Snell law, ni sin(ϑi) = constant, i.e., niϑi = constant in

the limit of small angles, from which we have:

ϑi = ngϑ1 = nϑ2 , nϑ3 = ngϑ4 = ϑ5 , (II.2)

where the index of refraction of air is put to 1. Inside the cell, the presence of a vertical refraction index
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FIGURE II.7: Synthetic schlieren technique (characterization of the diffusivities). (a) Sketch of the light path used to relate
the apparent displacement of the background pattern to the refraction index gradient in the cell. The blue line
indicates the reference light path (from the background pattern at height YA) through a uniform liquid (no gradient).
The red and green lines indicate the light path in the presence of a refraction index gradient (∂n/∂y < 0). The dashed
green line is the virtual path defining the apparent displacement of the background pattern ∆Y. (b) Snapshots of
the human-friendly background pattern observed through the cell. (Left) Reference image (no gradient). (Right)

Background distorted by the diffusive front between two water-polymer solutions (∂n/∂y < 0).

gradient is equivalent to a continuum of horizontal interfaces, across which n cos ϑ = constant. By differ-

entiating along the close-to-horizontal light path we obtain ∂n
∂y � n dϑ

dz = 0, which gives a relation between

the angles ϑ3 and ϑ2 in the liquid immediately next to the glass plates (see Figure II.7a):

ϑ3 = ϑ2 +
∂n

∂y

`

n
. (II.3)

For an arbitrary point at height Y on the background pattern, the height is related to the path angles and

setup lengths through (see schematic in figure II.7a),

Y = L0ϑi + `gϑ1 +
`

2
ϑ2 +

`

2
ϑ3 + `gϑ4 + Lpϑ5 ,

which can be recasted into

Y =
�

L0 + Lp

�

ϑi + Lp`
∂n

∂y
, (II.4)

with L0 = L0 +
`g

ng
+

1
2
`

n
, and Lp =

1
2
`

n
+

`g

ng
+ Lp . (II.5)

From equation II.4 we can now relate the reference and deflected paths. For the reference path we

have Y = YA, ϑi = ϑA and ∂n/∂y = 0. For the deflected path we have also Y = YA, but a different angle

at the camera ϑi = ϑB, and ∂n/∂y 6= 0, with ∂n/∂y the unknown gradient we want to express. Equating

the expressions for YA in both cases we obtain

ϑB = ϑA � Lp

L0 + Lp
`

∂n

∂y
. (II.6)

Considering now equation II.4 for the virtual path setting the apparent position YB (green dashed line),

we have Y = YB, ϑi = ϑB and ∂n/∂y = 0, so that

∆Y = YB � YA =
�

L0 + Lp

�

(ϑB � ϑA) . (II.7)
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FIGURE II.8: Principles of the (PIV) algorithm used to compute the apparent displacement field. (a) Sample portion of the
random background pattern (backlit sand-blasted glass plate). (b) Diagram of cross-correlation processing between
the current sub-image and its reference (∂n/∂y = 0). The sub-pixel estimate of the maximum value of the cross-

correlation matrix gives the local displacement vector.

Last, combining equations II.6 and II.7, we obtain the final expression:

∂n

∂y
= � 1

Lp`
∆Y , (II.8)

which relates the index of refraction gradient ∂n
∂y (yB), at the height yB = � Lp

L0+Lp
YB in the cell, to the

apparent displacement ∆Y(YB), at height YB in the background pattern.

To obtain ∂n
∂y we need to measure ∆Y precisely, which is done with the same image correlation tech-

nique as for Particle Image Velocimetry (PIV). The method consists in comparing the reference and the

current images of the pattern, dividing each of them into a grid of sub-images and finding the relative

displacement that maximizes the correlation between each pair of sub-images (see Figure II.8). To this

end, a cross-correlation matrix is computed for each pair of sub-images and a parabolic fit to the peak of

the matrix is used to obtain the displacement with a sub-pixel precision. Since the displacement is essen-

tially vertical (there is no horizontal gradient), we choose sub-images with a large horizontal width and

b) c) d)a)

FIGURE II.9: Reconstruction of the polymer mass fraction profile from the apparent displacement. (a) Vertical displacement
field ∆Y(x, y) obtained from the PIV algorithm. Color indicates the magnitude of the displacement in pixel. (b)
Displacement profile along the y-axes (average over the x-direction). (c) Index of refraction profile inferred from (b).

(d) Mass fraction profile inferred from (c). Markers in (b) to (d) display 1 every 3 datapoints.
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a short vertical height to keep a good correlation signal while resolving accurately the short-time front

where ∂n/∂y is large.

A typical displacement field is illustrated in figure II.9a for a snapshot obtained at time t = 12500 s

after the filling of the cell. The color code represents the magnitude of the apparent displacement ∆Y.

Panel (b) shows the displacement profile across the front ∆Y(y)(averaged over the transverse direction

x). By integrating equation II.8, which relates ∆Y to ∂n/∂y(y) (with boundary condition n = n( f = 0.3)

at the top of the cell), we obtain the refraction index profile n(y), shown in panel (c), and finally (using

the calibration curve n( f ), see §II.2.2, Figure II.3c) the mass fraction profile f (y), shown in panel (d). With

this procedure we overshoot the value of f = 0.7 by less than 8%, which indicates the accuracy of the

method.

II.3.3 Comparison between the fluorescence profile and the mass fraction profile &

interpretation

Figure II.10 shows the comparison between the dyed polymer concentration profile obtained with the

fluorescence technique and the total polymer mass fraction profile obtained via synthetic schlieren. Panels

a and b show the raw data for the experiment involving a non-dyed liquid with polymer mass fraction

f = 0.3 at the top of the cell and a dyed liquid with f = 0.7 at the bottom, at t = 12500 s after the creation

of the front. Figure II.10c shows the comparison between the two experimental profiles and highlights an

evident mismatch. Indeed, the polymer mass fraction front (circles) is significantly broader than the one

obtained with fluorescence (triangles). Yet, both profiles are actually reasonably well fitted, at all times,

by the relevant solution of the diffusive equation, i.e., the error function:

C(y, t) =
C0

2



1 + erf
✓

y � y0p
2σ

◆�

, (II.9)

where C stands for C or f , which yields the two different evolutions of the gradient variance σ2 (for C and

f ) reported in figure II.10d. Both variances increase linearly with time, and can be fitted by σ2 = σ2
0 + 2Dt,

a) c) d)b)

schlieren (f )

fluorescence (C )

FIGURE II.10: Comparison between the diffusion coefficients obtained from the fluorescence and the mass fraction profiles. (a)
Snapshot from the fluorescence technique. (b) Displacement field obtained from the synthetic schlieren technique.
(c) Comparison between the two reconstructed profiles (dye concentration C for the fluorescence and mass fraction
f for the synthetic schlieren) obtained at time t = 12500 s. (d) Time evolution of the corresponding variances. Blue
and red dashed lines: linear fit with σ2 = σ2

0 + 2Dt yielding Ddye ' 10�11 m2 s�1 for the fluorescent dye profile, and
Dη ' 2 ⇥ 10�10 m2 s�1 for the mass fraction profile.
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to determine the respective (effective) diffusion coefficients D characterizing the evolution of the two

profiles.

The above results raise two important points. Firstly, the fit of the profiles by an error function, at all

times, and the linear increase of the variances with time indicate that the two diffusion coefficients are

constant and not much dependent on the viscosity. Secondly, the effective diffusion coefficient of the dye

obtained with the fluorescent technique, Ddye ' 2.5 ⇥ 10�11 m2 s�1, is typically one order of magnitude

smaller than the binary diffusion coefficient obtained with the schlieren technique, Dη ' 10�10 m2 s�1.

But why is it?

Interpretation of the diffusion process

We interpret the above diffusion process as follows. For sake of simplicity, we neglect here the minor

contribution of the fluorescent yield dependence on the total polymer mass fraction f (see §II.2.1) and

consider that the fluorescence intensity is proportional to the dye concentration. Figure II.11a sketches

the initial condition, when a sharp front separates two water-polymer solutions with different initial mass

fractions f . The water concentration profile (blue line) is complementary to that of the polymer mass

fraction, and only the more viscous solution (larger f ) contains fluorescent polymers (red line). In these

concentrated mixtures of water and polymer, the small water molecules have presumably a much larger

mobility than the long polymer molecules. Therefore, the broadening of the front is mainly driven by the

passive swelling of the ‘almost frozen arrangement’ of the low mobility polymers by the rapidly diffusing

water molecules, which tends to equilibrate the water content, i.e., the total mass fraction of polymer. This

fast diffusion swells and dilutes the dyed and non-dyed polymer almost equally, but the front between

the dyed and non-dyed polymers remains sharp because of the low mobility of the polymers.

As shown in figure II.11b, this process leads to a broad profile for the total polymer mass fraction

f (yellow dashed line), and a two-piece and much sharper profile for the dyed polymer concentration

C (red line). Since the schlieren technique gives access to the overall polymer mass fraction profile, it

naturally yields a diffusion coefficient Dη (the real binary diffusion coefficient between polymers and

water) much larger than the effective diffusion coefficient Ddye obtained with the fluorescence technique.
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FIGURE II.11: Qualitative sketch for the difference between the fluorescence profile and the mass fraction profile. (a) Initial
profiles for the concentrations of polymer f (y), and dye C(y)/C0. The two profiles are not proportional to each
other. (b) The ’large’ mobility of the ’small’ water molecules (relative to the ‘low’ mobility of the ‘large’ polymer
molecules) drives the profile evolution. The net water flux (right to left) swells and dilutes equally the dyed and
non-dyed polymers (towards the right), but the front between dyed and non-dyed polymers remains sharp because
of the low mobility of the polymers. This leads to a broad profile for the polymer mass fraction f (yellow line), and
a two-piece and much sharper profile for the fluorescent dye concentration C/C0 (red line, the position of the sharp
front shifts to the right to keep the area enclosed by the red line constant). The relative size of the two pieces of the

profile depends on the ratio between the initial mass fraction on the right and on the left.
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The latter (Ddye) actually depends on the ratio of the initial mass fraction between the dyed and non-dyed

polymer in the two solutions, because the relative size of the two pieces of the dye profile (see figure II.11)

depends on this ratio.

To validate the above scenario, we perform two complementary experiments:

• one experiment, called proportional case, where the dye concentration is adjusted to be propor-

tional to the polymer concentration in both polymer solutions,

• a second experiment of self-diffusion, called iso-water case, with the same polymer mass fraction

f (same water quantity) in both solutions, to measure the binary diffusion coefficient between the

dyed and non-dyed polymers in the solution (with no influence of the swelling by water).

Verification in the proportional case: The experiment is repeated with dyed polymers in the two so-

lutions, with a quantity of dyed polymer which is proportional to the total polymer mass fraction f in

each solution (C/ f uniform in the whole cell). In this case, the fluorescence profile and the mass fraction

profile are expected to remain identical at all time, as sketched in the insert of figure II.12a.

Figure II.12a shows the comparison between the profiles of f and C obtained from the two techniques

at three different times. It confirms that when f and C are initially proportional, the two profiles remain

almost identical at all times. Moreover, the variances is found to follow the same linear increase with

time (Ddye ' Dη ' 1.3 ⇥ 10�10m2 s�1, see figure II.12b), which indicates that, in this case, the effective

diffusivity of the dye is very close to the binary diffusion coefficient Dη ⇡ 2 ⇥ 10�10m2 s�1.

Verification in the iso-water case: To further validate the non-trivial effective diffusion of the dye de-

scribed above, we perform the second experiment with a uniform water content ( f = 0.5) and dyed

polymer only on one side, in which we measure the self-diffusion coefficient of the polymer molecules in

the solution.

Figure II.13a, shows the rescaled dye concentration profiles at three different times and the evolution

of the variance (insert). In this iso-water case, the measured self-diffusion coefficient of the polymer

Dself,polymer ' 0.7 ⇥ 10�11 m2 s�1 is indeed much smaller than the binary diffusivity between polymer

and water Dη and comparable with the effective diffusivity Ddye ⇡ 10�11 m2 s�1 found previously when

tracking the dye concentration profile in the non-proportional case (Fig. II.10).
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FIGURE II.12: Identity of the fluorescence and the mass fraction diffusion in the proportional case. (a) Comparison of the
two profiles, at three different times (t ' 8100s, 19800s and 82800s after the creation of the front, f0 ' 0.77 and C0
respectively stand for the initial mass fraction and the initial concentration on the left-hand side). Insert: sketch of the
overall diffusive process in the proportional case (C/ f = constant in both solutions). (b) The variances of the profile
gradient for the two quantities follow the same linear increase in time, showing that the two quantities diffuse at the

same rate.
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FIGURE II.13: Independent characterization of the self-diffusion coefficient of the polymer. Diffusion between dyed and
non-dyed polymer for a uniform total polymer concentration (no net water flux, f = 0.5). (a) Time-rescaled dye
concentration profiles at three different times (t ' 32400 s, 72900 s and 165600 s after the creation of the front). Insert:
time evolution of the variance giving the self diffusion coefficient of the poymer molecules Dself, polymer ' 0.7 ⇥
10�11 m2 s�1, which matches the effective value Ddye ' 10�11 m2 s�1 obtained in the non-proportional case (Fig.
II.10). (b) Modified injection setup used for the present case, where the two solutions have the same density. The
sharp initial front is obtained by forcing the two solutions to flow parallel and rapidly in the Hele-Shaw cell. The

flow is stopped before the diffusion process is observed.

Note that to perform this experiment, we cannot use gravity to prepare a sharp front since the density

of the solutions are equal. We thus use a slightly different Hele-Shaw cell, shown in figure II.13b. The

cell has two adjacent canals with no separation wall, but a separated inlet and outlet for each. It is placed

horizontally. The two channels are filled with the two solutions, at the same flow rate and with the help

of gravity, to obtain a sharp initial front, after which the inlets and outlets are closed, and measurements

are taken according to the procedure explained for the fluorescence technique (§II.3.2).

II.3.4 Diffusion coefficients: summary of the results

Now that we have clarified why and in which case the effective diffusivity of the dye Ddye differs from the

binary diffusion coefficient between the water-polymer solutions Dη , we need to strengthen our dataset

and measure systematically the two values as a function of the viscosity ratio λ between the two solu-

tions. The value of Dη is obtained with the schlieren technique. The value of Ddye is obtained from the

fluorescence signal, either in the proportional case (between dyed and non-dyed polymer) or in the non-

proportional case (dye only in the more viscous liquid). The viscosity ratio is ranged from λ = 1 to ⇠ 104

using three different low-viscosity solutions: η = 1 mPa s (pure water, squares), η = 0.1 Pa s ( f = 0.3,

diamonds), and η = 1 Pa s ( f = 0.5, circles). The measurements are summarized in figure II.14. The

purple symbols represent Dη . The hollow orange symbols indicate the effective dye diffusivity Ddye in

the proportional case. The solid orange symbols indicate Ddye in the non-proportional case (the value for

λ = 1 is the measured self-diffusivity of the polymer Dself,polymer).

Overall, we find that diffusion coefficient between the water-polymer solutions Dη , which determines

the diffusivity of the viscosity field, has a value Dη ' 1.65⇥ 10�10m2 s�1, which does not vary much with

viscosity over the two decades of viscosity ratio investigated (λ ' 60 to 6000). Regarding the dye, for

the non-proportional case (dye only on one side, solid yellow symbols) that will be used to interpret the

mixing flow experiments, the dye effective diffusion coefficient Ddye remains close to the self-diffusion

coefficient of the polymer in a uniform solution Dself,polymer, with a value Ddye ' 10�11m2 s�1, which is
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also not varying much over the two decades of viscosity ratio investigated (λ = 1 to 60). This is consis-

tent with the idea of a diffusion process driven by the large mobility of water and of a lower effective

diffusivity of the dye due to the initial condition imposed by the visualization protocol for the mixing

flow experiments (see below).

10

dye
concentration

viscosity field

proportional
fluorescence

schlierennon-proportional
fluorescence

FIGURE II.14: Final map for the value of the diffusivities. Diffusion coefficients as a function of the viscosity ratio
for different viscosity of the bath. The symbol shape indicates the bath viscosity. The purple symbols indicate the
diffusivity of the viscosity field Dη ⇡ 1.65 ⇥ 10�10 m2 s�1. The orange solid symbols indicate the effective diffusivity
of the dye in the non-proportional case Ddye ⇡ 10�11 m2 s�1, which will be used for the mixing flow experiments
in the next chapters (the orange hollow symbols show the dye effective diffusivity in the proportional case, where it

matches Dη).

The values we obtain for the diffusivities can be compared with those reported in the literature.

Though we could not find data for our water-polymer solutions, data exist for other systems of long

polymers, whether in pure melts or in solutions with shorter polymers or small molecule solvents. The

first relevant comparison is to a study by Paul [80], who measured by interferometric technique the

diffusive front between solutions of a very long-chain polymer (acrylonitrile-vinyl acetate copolymer,

Mw ' 200k g/mol) in small molecule solvents (dimethylacet-amide with Mw ' 200 g/mol, dimethylfor-

mamide with Mw ' 73 g/mol, or dimethyl sulfoxide Mw ' 78 g/mol) at mass fraction comparable to

ours ( f = 0.25). He reports binary diffusion coefficients D ⇠ 0.9-1.5 ⇥ 10�10 m2 s�1 in the same range as

the value Dη ' 1.65 ⇥ 10�10 m2 s�1 we obtain. Second, a study by Wang and Meerwall [113] for melts

containing both short polymers (Mw ' 0.7k g/mol) and long polymers (Mw ' 12k g/mol), confirms that

the self-diffusivity of two species with different molecule size (measured by nuclear molecular resonance

techniques for a uniform mass fraction) can differ by large factors (& 10). The value they, as well as other

study [73], report for the self-diffusivity of the long polymers, D ⇠ 10�12 m2 s�1, is about 10 times smaller

than the dye diffusivity Ddye ' 2⇥ 10�11 m2 s�1 we find. This is presumably because in our case the long

polymers diffuse in a solution of very small molecules (water), whereas in their case, the long polymers

diffuse in a melt where all molecules are large.

Last, it is important at this point to stress that in the mixing flow experiments presented in the next

chapters, we will only be able to use the fluorescence technique with dyed polymer in the blob only.

Indeed the non-trivial tridimensional shape of the blob prevents from obtaining quantitative data from

the schlieren technique. On the other hand, to obtain a good image contrast, dyed polymer cannot be

added to the bath, which prevent us from respecting the proportionality between the dyed and non-dyed

polymer. This means that the fluorescence profile, which tracks the initially dyed polymer, will not give

access directly to the viscosity field. We will see that depending on the viscosity ratio between the blob
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and the shearing bath, it will actually be relevant to use either the dye diffusion coefficient Ddye or the

mass fraction diffusion coefficient Dη to properly address the mixing problem.
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II.4 Initial shape of the viscous blob

To complete the description of the main experimental methods and characterizations, we present the

technique we had to develop to obtain a reproducible and controlled initial condition in the mixing flow

experiments. Indeed, as will be seen in the next chapters, the initial shape of the blob strongly influences

its subsequent deformation, but the absence of surface tension between the blob and the bath prevents

controlling the blob shape by simply injecting one solution into the other. It was thus crucial to find an

alternative way to control the initial shape of the blob.

After several attempts, trying to mold the initial shape of the blob or freeze it on a glass plate (which

all proved unsatisfactory), we finally found an efficient protocol to produce quasi-spherical blob, based

on the inverse Leidenfrost effect [114]. Figure II.15 illustrates the steps of the preparation:

liquid nitrogen

heated
needle

air flux

1 mm

b)

c)

a)

FIGURE II.15: Protocol to obtain an initially spherical blob. (a) The four steps of the protocol. i) A drop of the blob liquid
is gently deposited onto a liquid nitrogen bath, with the help of a small air jet to detach the drop from the needle
when it is small (b0 . 1 mm). ii) While being levitated and rotated by nitrogen vaporization, the blob slowly freezes
into a sphere. iii) Once it is frozen, it sinks in the bath. iv) The sphere is collected with cold tweezers and immersed
into the bath of the experiment. (b) Snapshots of the four steps for a large (b0 & 1 mm) blob size. (c) Typical initial

shape obtained for λ = 8 in a bath of viscosity η = 1 Pa s ( f = 0.5).
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i) a drop of the blob liquid is gently deposited on the surface of a liquid nitrogen bath,

ii) while being levitated and rotated by nitrogen vaporization, the blob slowly freezes in a quasi-

spherical shape thanks to the air/solution surface tension,

iii) once frozen, it sinks into the bath,

iv) the frozen sphere is collected with cold tweezers and rapidly immersed in the bath,

v) last, it is left to melt and equilibrate in temperature with the bath before the experiment is started.

The deposition of the drop on the nitrogen bath is done with the help of a syringe. For the largest

drops (radius of 1 mm to 2 mm), the drop is detached from the needle by gravity. For smaller drops

(radius below 1 mm), the drop is detached by flushing air. When the blob is highly viscous or small, the

needle is preheated to decrease viscosity, such that the levitating drop relaxes to a sphere before freezing.

The immersion in the bath requires care to avoid to trap air bubbles at the blob surface which would

subsequently deform the blob once it has melt. We therefore place the blob at the bath surface and sink

it by covering it with some of the bath liquid while it is still frozen. The subsequent melting of the blob

and temperature equilibration takes a few tens of a seconds during which there is no significant mass

diffusion between the blob and the bath since mass diffusivity is several orders of magnitude lower than

thermal diffusivity.

With this technique we are able to prepare blobs which are highly spherical and have a sharp contour

(see e.g., figure II.15c for λ = 8) for all viscosity ratios. The radius can be tuned between 0.7 and 2 mm,

and the typical asphericity of the blob 1 � b0/a0 is kept below 0.08, where a0 and b0 are the maximal and

minimal radii in the observation plane, respectively.
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II.5 Conclusion

In this chapter, we have presented the miscible liquids we will use for the mixing flow experiments in

the next chapters. The liquids are water-polymer solutions, of different polymer mass fraction f , which

allows us to vary the viscosity ratio between the blob and the bath over a wide range (0.1  λ  124).

We have also investigated in detail the diffusion between these liquids in the absence of flow. This inves-

tigation was done both with a schlieren technique, which tracks the total polymer mass fraction (i.e., the

viscosity field), and with the fluorescence technique we will use for the mixing flow experiments, which

tracks only the small fraction of the polymers that are fluorescent and initially concentrated in the blob.

The following observations have been made:

• Although the diffusive process leads to a viscosity field that varies in space and time, the experimen-

tal profiles, both for the polymer mass fraction f and the fluorescent concentration C, are well-fitted

at all times by error functions with a characteristic length σ varying diffusively like
q

σ2
0 + 2Dt.

• The fitted diffusion coefficients D remain nearly constant when the viscosity ratio is varied over

two decades.

• Although the investigated liquids are highly viscous (with viscosities up to 40 Pa s), the observed

diffusivities are rather large (D ⇠ 10�10-10�11 m2 s�1).

• The inter-diffusion coefficient between the water and the polymer molecules, which determines

how fast the viscosity field diffuses, is found to be Dη ' 1.65 ⇥ 10�10 m2 s�1.

• The inter-diffusion coefficient between the fluorescent and non-fluorescent polymer molecules, which

determines how fast the fluorescent concentration diffuses (in the case when dye is added only to

one of the two solutions), is found to be typically one decade lower, at Ddye ' 10�11 m2 s�1.

These observations have several consequences for the mixing flow experiments of next chapters and

their interpretation. First, large diffusion coefficients mean that experiments can be kept reasonably long

(typically less than an hour), while observing diffusion effects at the millimeter scale of the blob. Their

weak dependence on the viscosity field will strongly simplify the description of the mixing process. The

fluorescent signal from which we will track the deformation and the diffusion of the blob, will not exactly

reflect the viscosity field (since the fluorescent polymer fraction cannot be made proportional to the total

polymer fraction f to avoid light absorption and contrast issues). However, we will see that depending on

the viscosity contrast and the flow conditions (and in particular whether the viscosity field still matters

or not by the time when the diffusive mixing actually takes place), it will be relevant to use either the

diffusivity Dη , which controls the viscosity field, or the diffusivity Ddye, which sets the fluorescence field.

Last, to obtain a good control on the initial shape of the blob, an original technique based on the

inverse Leidenfrost effect was developed. With these tools at hand, we are now ready to tackle the main

problem and investigate how liquids of unequal viscosity mix in a flow.





Chapter III

Mixing in a simple shear flow

The aim of this chapter is to study how an initially spherical blob of viscosity λη mixes when strained in

a simple shear flow of viscosity η. The control parameters are the viscosity ratio λ, varied between 10�1

and ⇠ 102, and the Péclet number Pe, varied between ⇠ 102 and ⇠ 105, mainly by changing the shear rate

γ̇. Our strategy to understand this mixing process is to tackle, first, the stretching kinematics of the blob

in the limit of an infinite Péclet number, before addressing the mixing per se. The chapter is organized as

follows.

We introduce the shear cell and the experimental methods to control the flow and track the blob. To

study the infinite Pe kinematics, a first set of experiments is performed at a large Péclet number, Pe ⇡ 3⇥
105, focusing on times before diffusion effects become important. These experiments reveal a remarkable

transition from an endless stretching to an endless rolling of the blob, as the viscosity ratio λ is increased.

We develop a kinematic model, based on Eshelby’s framework [105], which quantitatively captures this

transition and the kinematics of the two deformation regimes. These results on the kinematics at infinite

Péclet are presented in the form of an article published in Physical Review Letters, which is preceded by a

summary of its results. In the second part of the chapter we investigate mixing, by tracking the evolution

of the blob concentration over longer times, for systematically varied viscosity ratios and Péclet numbers.

We show how the characterization of the infinite Pe kinematics, allow us to predict the blob mixing time

for finite Pe over the whole range of viscosity ratios and Péclet numbers investigated.
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III.1 Simple shear setup

In order to characterize the blob deformation and subsequent mixing, we design and build from scratch

an experimental setup, which achieves high-quality visualizations of the blob in a controlled and stable

laminar shear flow over long times and large strains. This section presents the setup and associated

experimental methods.

III.1.1 Principle of the shear cell

Figure III.1 shows a schematics of the principal components of the setup. The configuration we choose

is a cylindrical Couette cell, made of two co-axial cylinders of radii Rin = 36 mm and Rout = 60 mm.

The rotation of the two cylinders is set by two independent precision rotation stages (PI M061PD Mi-

croMotor), so that the cylinders can rotate in the same direction (co-rotation) or in opposite direction

(counter-rotation). The counter-rotation setting allows to position the neutral velocity line at the center

of the blob, which maintains the blob in the field of view during the shear. In the gap between the two

cylinders the rotation stages impose the desired shear rate γ̇, varied between 0.05 and 5 s�1. This sets

a Reynolds number at the cell scale, ργ̇(Rout � Rin)
2/η, between ⇠ 0.02 and 2 (with ρ the bath liquid

density and η its viscosity), and a Reynolds number at the blob scale, ργ̇b2
0/η, between ⇠ 10�4 and 10�2,

which ensures inertial effects are small. To reach the desired shear rate, we set a slow initial acceleration

(γ̈/γ̇ = 0.1 s�1), such that the flow is quasi-steady at all time.

The gap between the two cylinders is filled with the bath liquid of viscosity η, which is floated over

a layer of high-density, low-viscosity and non miscible oil (Fluorinert FC43) to ensure quasi stress-free

boundary conditions at the bottom of the cell. The fluorescent blob, of viscosity λη, is placed frozen in

the bath as explained in the previous chapter (§II.4), and is illuminated at its equator with the laser sheet

(PLIF experimental technique detailed in the previous chapter). The cross-section of the blob is observed

from the top, with a camera coupled to a macroscope lens (Leica Z16 APO). The camera field of view

includes a small portion of the inner and outer walls, which allows us to locate the blob initial position

Camera

Rotating mirror

Fluorinert layer

Viscous bath

Neutral line

Laser sheetViscous blob

Counter rotating

cylinders

FIGURE III.1: Schematics of the simple shear flow setup.
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across the gap (see also §III.1.2). The resolution of the images in the experiments dedicated to the large

Pe kinematics of the blob (§III.2) is of 12 µm/pix. For the mixing experiments, the image resolution is

doubled to 6 µm/pix to resolve the mixing length scale (⇠ 20 µm in the isoviscous case) as needed to

properly characterize the mixing process [47]. We use two different bath viscosities, η = 0.3 Pa s and

η = 1 Pa s, which allow us to explore a wide range of viscosity ratios λ 2 [0.1, 90]. With a blob initial

diameter 2b0 varied between 1 and 3 mm, we vary the Péclet number over three orders of magnitude,

from Pe ⇠ 102 to Pe ⇠ 106 (with a Reynolds number kept small).

III.1.2 Additional features of the shear cell

The experiment is remotely controlled with a Python script. In particular, we control and synchronize

the rotation stages that move the cell walls, the camera, the laser and the laser beam shutter. The experi-

mental setup has also additional features, which are shown in figure III.2 and described separately in the

following paragraphs.

Placement of the blob in the bath. Once the blob is frozen (as described in §II.4), it is picked up with

a pair of tweezers positioned precisely above the middle of the gap (see figure III.2.i). The frozen blob is

then released from the tweezers to fall onto the surface of the bath and is quickly covered and immersed

by injecting some of the bath liquid on top of it. This immersion is achieved about 90� away from the

field of view. We thus co-rotate the walls (without shear) to bring the blob in the field of view.

Control of the Péclet number. Since the blob size varies slightly from one preparation to another, we

use the following protocol to control precisely the Péclet number. We detect the blob with a software,

immediately after it is placed in the bath. After binarizing, thresholding and fitting the blob contour with

an ellipse, we obtain the initial blob radius b0 and its radial position Rb in the gap, see figure III.3a. The

i) tweezers

ii) vertical 

    translation stage

iii) focusing

iv) shutter

FIGURE III.2: Picture of the simple shear flow setup.
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blob size is used to compute the shear rate, γ̇ = DPe/b2
0, required to achieve the desired Péclet number.

The angular velocities of the walls are set to

ωin =
γ̇
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, (III.1)

which ensures both the required shear rate and the position of the neutral velocity line at the center of the

blob.

For mixing experiments, when the blob evolves towards a very thin lamella, we found that counter-

rotating the cylinders could induce small flow perturbations, which could bias the measurements of the

blob thickness. Although we did not fully understand the origin of these perturbations, we found that

adding some co-rotation yielded a more stable flow, which solved the problem and allowed us to track

the lamella width over longer times. In this case, the inner wall velocity is set to ωin = ωmax Pe/Pemax,

where ωmax is the maximal velocity of the rotating stage and Pemax is the maximal value of the Pé-

clet number achievable with the setup. The velocity of the outer wall is then computed from ωout =

ωin + γ̇(R�2
in � R�2

out)R2
b/2.

Keeping the blob in the field of view. Once the shear is started, the blob sometimes drifts very slowly in

the radial direction. This drift, probably due to small convection currents, is problematic under counter-

rotation because the blob is then slowly advected out of the field of view. In this case, we slightly shift

the position of the neutral velocity line to the new position of the blob by adjusting the wall velocities,

while keeping the shear rate at the blob center constant. This tuning is done with a joystick interface pro-

grammed in our software, which allows us to set rapidly the direction and magnitude of the shift. Figure

III.3b shows a schematic of the procedure. To avoid transient inertial effects, these adjustments are made

at rates much smaller than the inverse viscous diffusion time across the cell gap.

Limiting the blob sedimentation. In the experiments for the large Péclet kinematics, the bath liquid

has a viscosity η = 1 Pa s and a density ρ = 1079 kg m�3. The largest density contrast with the blob

(below 3.5%) is thus obtained for λ = 0.1 (see figure II.2a). In this worst case, the creaming velocity

of the blob ⇠ (2/9)∆ρgb2
0/η ⇠ 10�4 m s�1 remains much smaller than the typical shear velocity γ̇b0 '

1.5 ⇥ 10�3 m s�1. Since these experiments for the large Péclet kinematics experiments are rather short

(typically 5 min), there was no need to match the density.

Conversely, for the mixing experiments, which last much longer (⇡ 10 to 60 min), the two densities

are matched. In practice, we use salt to match the bath and blob density with the largest density of the

field of view
a) b)

FIGURE III.3: Control of the Péclet number and of the blob position in the field of view. (a) Schematics of the camera field of
view. The software detects the size of the blob (red dotted line) and its radial position Rb across the gap (green dotted
line), which are used to compute the exact shear rate for the target Péclet number and the position of the neutral
velocity line. (b) If the blob drifts radially, the neutral line is shifted to the new blob center position (Rb) by updating
the velocities ωin and ωout of both walls according to Eq. III.1, which keeps the shear rate at the blob center constant.
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(non-salted) water/polymer solutions (reached for f = 0.8, see §II.1.3). This allows us to use the same

salted bath for all viscosity ratios. Doing so, all liquids are iso-dense in all mixing experiments.

Control of the focus during measurements. Despite the efforts to adjust densities, a slow residual ver-

tical motion of the blob is sometimes observed. This is problematic because the blob drifts away from the

laser sheet and it also becomes out of focus as the optical path length to the camera changes. To solve

these problems, we mount the laser (together with the system of lenses, shutter and mirror producing the

laser sheet) on a vertical translation stage (Figure III.2.ii), which is manually activated to keep the laser

sheet at the blob equator. In parallel, we adjust the focus of the camera, using a pre-calibration of how

the focus must be adjusted for each position of the laser sheet (Fig. III.2.ii). This calibration is done prior

to the experiments, by placing a minute amount of small fluorescent tracers (PS-FluoRed-Particle, of size

2.99 µm) in the bath with no flow, and fine tuning the focus for each laser position.

Limiting photobleaching. The long experiments for studying mixing require to limit photobleaching

(see also §II.2.1). To this end, we use a light filter mounted on a small activated arm (Fig. III.2.iv). During

image acquisition the arm is risen and all the laser light goes into the sheet (⇡ 1 W). Between the acqui-

sition of the images, the filter intercepts the laser beam, which reduces the sheet intensity by about two

orders of magnitude. This drastically limits photobleaching, while keeping enough light to visualize the

blob at all time and to adjust the neutral velocity line position with the joystick (to keep the blob in the

field of view). The movement of the filter is controlled by the software and synchronized with the camera.

This limited exposure of the blob to the laser light keeps photobleaching effects below 8% over the whole

experiment.

III.1.3 Quantification of the blob deformation & mixing

For small blob deformation, i.e., when the blob shape is close to ellipsoidal, the maximal and minimal

radii, a and b, and the orientation, ϕ, of the blob are simply quantified by fitting an ellipse to the thresh-

olded image, as shown in figure III.4a. When the blob deforms further and reaches the shape of a lamella,

the field of view only shows the central part of the lamella (see Fig. III.4b). To quantify the evolution of

the lamella, we define an angular sector (between the two red crosses in Fig. III.4b), over which we extract

radial intensity profiles. This region is manually identified for each frame, and the azimuthal distance be-

tween the top and bottom crosses determines the number of intensity profiles analyzed for each (typically

100). The intensity profiles are then converted into concentration profiles using C(x)
C0

= I(x)�Ib
IM�Ib

. Each of

these radial concentration profile is then fitted by the following error function:

b)a) c)

FIGURE III.4: Quantification of the blob deformation and mixing. (a) For small blob deformation, the blob contour (white)
is fitted by an ellipse (blue) to determine the blob principal dimensions, a and b, and its orientation ϕ. (b) At large blob
deformation, the lamella is characterized by analyzing all radial concentration profiles between the two red crosses.

(c) Typical concentration profile (black symbols) fitted by the error function (orange solid line) given in Eq. III.2.
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C (x, xcenter, ∆x, δ, Cmax, Cnoise) =
erf
⇣

x+∆x/2�xcenter
δ

⌘

� erf
⇣

x�∆x/2�xcenter
δ

⌘

2
Cmax + Cnoise , (III.2)

where xcenter, ∆x, δ, and Cmax are represented in figure III.4c, and Cnoise accounts for the background noise

of the image. These parameters are used to compute the width b =
p

h(x � xcenter)2i =
p

∆x2/3 + δ2 of

the lamella, which takes into account both the kinematic compression and the diffusive broadening, and

to obtain the maximal concentration Cmax of the blob. These two quantities are then averaged over all

the radial profiles analyzed. Last, from the angular evolution of the radial position of the lamella xcenter

between the profiles, we extract an accurate measurement of the lamella orientation ϕ.

For the large viscosity ratios λ obtained with large mass fractions f of polymer, the fluorescent yield

effect mentioned in §II.2.1 (dependence of the ratio between fluorescent intensity and dye concentration

on f ) becomes significant. In practice, for f & 0.6 this effect bias the intensity profiles as shown in figure

III.5 for a blob of viscosity ratio λ = 30 and mass fraction f ⇡ 0.7. Although the fluorescent dye concen-

tration is monotonically decreasing from the blob center outwards, the intensity pattern shows a marked

intensity peak at the mixing front with the bath, where the fluorescence yield increases by a large factor

because the mass fraction f decreases. We have tried to deconvolute the yield effect, in order to recover

the polymer concentration profiles from the intensity profiles. However, the magnitude of the yield effect

(biasing intensity by orders of magnitudes), its dependence on both the dyed polymer and total polymer

concentration, and the steep intensity gradients at the blob boundary, made this deconvolution unsuc-

cessful. It was, therefore, not possible to extract quantitative concentration profiles from the blobs with

large viscosity ratios. However, we will see bellow that these blobs do not stretch in practice and that

their mixing can actually be followed and characterized from the evolution of their width b (obtained by

fitting an ellipse as explained above).

FIGURE III.5: Bias due to the fluorescence yield effect. Blob with a large viscosity ratio λ = 30 obtained with a large
polymer mass fraction ( f ⇡ 0.7) and corresponding intensity profile, largely biased by the fluorescence yield effect.
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III.2 Kinematics of deformation of the blob (infinite Pe limit)

This section is devoted to the characterization of the kinematics of deformation of the blob before diffusive

effects become significant. To be able to observe this infinite Péclet limit of the kinematics for significant

deformations, we perform experiments at a large Péclet number (⇡ 105) and we systematically vary the

viscosity ratio from λ = 0.1 to λ = 40. The experiments have a duration of about 4 min, during which the

blob is constantly visualized while being illuminated with the laser sheet. We provide below a summary

of the main results concerning the infinite Péclet kinematics. The detailed results are then presented in

the form of a Letter included in the manuscript.

III.2.1 General observations

When the viscosity ratio λ of the blob is varied, three highly different regimes of deformation are ob-

served (see Fig. III.6).

• At low viscosity ratio (λ . 4), the kinematics is qualitatively close to the canonical isoviscous case.

The blob stretches into an endlessly thinning lamella, which progressively aligns with the flow di-

rection. We call this first regime ‘stretching regime’.

• As the viscosity ratio is increased to large values (λ & 4), the kinematics drastically changes. In-

stead of stretching, the blob adopts a periodic motion, which is close to rolling and with only a little

periodic stretch of the blob. We call this regime ‘rolling regime’.

• For intermediate viscosity ratio (λ ⇡ 4), an initial transient is observed when the blob stretches sig-

nificantly but slower than the isoviscous case (what we call ‘substretching’), after which the elon-

gated blob eventually destabilizes by folding and swirling. We call this last regime ‘folding regime’.

These observation are very interesting and central to this thesis because they highlight the way by which

changing the viscosity of the blob deeply modifies its deformation kinematics and eventual mixing. For

instance, figure III.6 clearly shows that the low viscosity blob, which has rapidly stretched into a thin

lamella, is close to being mixed at a strain γ ⌘ γ̇t = 100. Conversely, at the same strain, the rolling

(highly viscous) blob is barely deformed and we therefore expect its mixing time to be largely delayed by

the different kinematics.

Folding

Stretching

Rolling

FIGURE III.6: Deformation of the initially spherical blob in a simple shear flow for different viscosity ratios λ. Stretching
regime (λ = 1): the blobs stretches into an endlessly thinning lamella which aligns with the flow direction. Folding
regime (λ = 3.5): the blob stretches and aligns significantly slower with the flow (substretching), and eventually

destabilizes by folding. Rolling regime (λ = 8): the blob essentially rolls, with only a small periodic stretch.
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III.2.2 Model for the blob deformation kinematics

To gain insight on the above kinematics, we build a model based on the formally analogous elastic prob-

lem solved by Eshelby in 1957 [105]. This original work solves for the deformation of an elastic solid

inclusion embedded in an elastic solid matrix with a different elastic modulus. For a linear deforma-

tion imposed to the matrix and an ellipsoidal inclusion, Eshelby’s formalism gives exact solutions for

the deformation of the inclusion in the form of elliptic integrals. The idea of transposing this framework

(relative elastic deformation for a modulus contrast) to purely viscous flows (relative deformation rate

for a viscosity contrast) was originated by Eshelby himself [104, 105], and further adopted by others [115,

116], including us. The crucial point why the formalism is particularly suited to our case, is that for an el-

lipsoid, the deformation (rate) field inside the ellipsoid is uniform, which means that an ellipsoid deforms

into another ellipsoids. Starting from our initially spherical blob, which is ellipsoidal, we can therefore

obtain the exact evolution of the shape, by time integrating Eshelby’s solution for the current deformation

rate inside the blob.

The model is valid for an isolated ellipsoidal blob of viscosity λη, sheared in an infinite bath of viscos-

ity η, considering Newtonian incompressible liquids, under conditions of no inertia (Re = 0), no diffusion

(Pe = ∞), and no surface tension between the blob and the bath. The far-field flow in the bath is a simple

shear (u = γ̇y, v = 0). The main radii of the blob are noted a, b and c and its orientation in the shear plane

(xy) is noted ϕ (see Fig. III.5i). In the coordinate system aligned with the main axis directions (ea, eb, ec),

+=

+

simple
shear

FAR FIELD FLOW

INNER FLOW

Current ellipsoidal blob Deformation rates inside the blob Evolution rates 
of the blob shape

Time integration

Stretching

Rolling

i) ii)

iii)

FIGURE III.7: Analytic model for the blob deformation kinematics in a simple shear flow. (i) The blob of viscosity λη (in an
infinite bath of viscosity η) has a current arbitrary ellipsoidal shape, with dimensions a, b, c and orientation ϕ. (ii)
For a linear far-field flow in the bath (FF), the deformation rate inside the ellipsoidal blob is uniform [105], which
exactly deforms the blob into a new ellipsoid and gives the evolution rate of the blob (ȧ, ḃ, ċ and ϕ̇ given by Eq. III.5).
(iii) The deformation history is obtained by time-integrating the evolution equations for ȧ, ḃ, ċ and ϕ̇, which recovers

both the stretching regime and the rolling regime (sketched in the top and bottom, respectively).
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the far field (FF) strain rate and and rotation rate are

ε̇FF =

0

B

@

sin 2ϕ � cos 2ϕ 0

� cos 2ϕ � sin 2ϕ 0

0 0 0

1

C

A

(ea ,eb ,ec)

γ̇

2
, ωFF = � γ̇

2
. (III.3)

From Eshelby’s solution, the strain rates and vorticity inside the ellipsoid, ε̇aa, ε̇bb, ε̇cc and ω, are uniform

and function of the current blob geometry, far field flow (Eq. III.3) and viscosity ratio λ according to
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⇣ a

b
,

b

c
, λ
⌘
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b
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c
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2
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b
,
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c
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⌘

cos 2ϕ
γ̇

2
.

(III.4)

From simple geometrical considerations, these strain and rotation rates set the evolution rates of the

ellipsoid shape, ȧ
a = ε̇aa, ḃ

b = ε̇bb, ċ
c = ε̇cc and ϕ̇ = �ω � a2+b2

a2�b2 ε̇ab, which take the final form

1
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ȧ
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b
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b
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γ̇
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2
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b
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, λ
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(III.5)

The functions A, B and F embed the dependance of the blob deformation rates on the viscosity ratio and

current shape of the blob. In the isoviscous case they are simply A = B = 1 and F = a2+b2

a2�b2 . For an

arbitrary viscosity ratio, they involve elliptic integrals and their complete expressions are provided in the

supplemental material of the letter, together with their derivation.

The evolution of the blob shape is obtained by time-integrating equations III.5 from the spherical ini-

tial shape a = b = c = a0 and ϕ = π/4. Figure III.7 summarizes the steps of the computation and

sketches how it recovers the stretching and rolling regimes of deformation of the blob observed experi-

mentally.

The strength of the above framework is that it provides predictions of the (infinite Péclet) deformation

kinematics for ellipsoidal blobs of arbitrary aspect ratios a/b, b/c and viscosity ratio λ. As emphasized

in figure III.8, this framework therefore generalizes the known solutions for the isoviscous case (λ = 1,

arbitrary a/b, b/c), for the solid ellipsoid case solved by Jeffery (λ = ∞, arbitrary a/b, b/c [86]), for the

close to spherical case solved by Taylor (arbitrary λ, a/b ⇡ b/c ⇡ 1 [87]) to the whole parameter space

isoviscous blob
ellipsoidal solid
Jeffery (’22)

psps

spherical blob
Taylor (’34)
phephe

FIGURE III.8: Sketch of the parameter space covered by the model. The parameter space of Eq. III.5 (arbitrary λ and
arbitrary a/b, b/c, in yellow) encompasses the isoviscous case (λ = 1, arbitrary a/b, b/c), Jeffery’s orbits for a solid
ellipsoid (λ = ∞, arbitrary a/b, b/c) [86] and Taylor’s solution for nearly spherical blobs (arbitrary λ, a/b ⇡ b/c ⇡ 1,

[87]).
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(arbitrary a/b, b/c and arbitrary λ). It is worth noticing that it can also be readily extended to other two-

dimensional flows (see Chapter IV) as well as to arbitrary three-dimensional flows (not studied in this

thesis).

III.2.3 Comparison between model & experiments

Figure III.9 compares the model (solid lines) with the experimental measurements (symbols) for the range

of viscosity ratio λ investigated. The overall agreement is good. The list below summarizes the main

points.
• Isoviscous case (λ = 1): the blob width follows the canonical long time linear compression b/b0 !

γ�1 (see panel a), and asymptotically aligns with the flow direction (see panel b).
• Stretching regime (0.1 < λ  2): at long time the blob eventually thins down similarly to an isovi-

cous blob (i.e. proportionally with γ�1) but with a shifted law b/b0 ! β(λ)γ�1. This means that at

long time the viscosity of the blob does not affect the thinning any more (the blob is so slender that

it cannot slow down the far field flow). The stretch shift factor β is a function of λ, which embeds

the initially slower (λ > 1) or faster (λ < 1) thinning of the blob relative to the isoviscous case and

varies only mildly with λ (the model gives β ' 0.431 for λ = 0 and β ' 1.99 for λ = 2). The model

quantitatively captures both the linear thinning and the shift β (see panel c).
• Rolling regime (λ & 4): the model recovers the rolling-like motion of the blob, with a small periodic

stretch. The features of this periodic oscillation of the blob size and orientation are quantatively

captured by the model (see panel (d) for the evolution of the orientation ϕ and the width b/b0 and

panel (e) for the period and the amplitude of the oscillation versus λ).
• Folding regime (λ ' 4): the model predicts a critical viscosity ratio λc ' 3.975 separating the

stretching and the rolling regimes, for which the blob is endlessly substretched with a different power

law, b/b0 ⇠ γ�1/2. The experiments for λ = 3 and λ = 3.5 are found to closely follow this sub-

stretching regime before they eventually fold. This folding is not predicted by the model, which

suggests that the sub-stretching flow is unstable, when λ is sufficiently close to λc (see further

discussions in §III.2.5.a).
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FIGURE III.9: Kinematics of deformation (infinite Péclet limit): model versus experiments. (a) Normalized blob width
b/b0 versus accumulated shear strain γ for different viscosity ratio λ. Error-bars: standard deviation between runs.
Shaded-area (folding regime): extremal values highlighting the large dispersion of the width when the destabilization
occurs (see also §III.2.5.a). (b-d) Blob orientation ϕ and width b/b0 vs strain. (c) Stretch shift factor β vs λ. (e) Period
γ̇T and amplitude of the oscillations bmin/b0 vs λ. Symbols: experiments (average over 2 runs). Solid lines: model.
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The above experimental and theoretical results provide a complete characterization of the blob de-

formation kinematics before diffusive effects occur, for the whole map of viscosity ratios. The identified

kinematic transition, at λ ⇡ λc = 3.975, between unbounded stretching and rolling is of particular rel-

evance to the mixing problem, because one anticipates a dramatic impact on the blob mixing time. In

the Letter presented below, we have proposed simple predictions for this impact on the mixing. These

predictions will be detailed and compared to experiments in §III.3, which is devoted to mixing.

III.2.4 Copy of the letter
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Aix-Marseille Université, CNRS, IUSTI, Marseille, France

(Received 22 January 2024; revised 16 May 2024; accepted 10 September 2024; published 8 October 2024)

Mixing liquids with unequal viscosity involves complex flows and a nontrivial diffusive feedback. As an

insightful reference case, we study the deformation of a spherical blobwith viscosity λη, sheared in amiscible

bath with viscosity η. Experiments resolve the transition from unbounded stretching, at low λ, to rollinglike

motion, at large λ. In between the blob is transiently substretched before destabilizing into swirling structures.

Exact solutions of the flow recover all three regimes and predict a transition ratio λc ≃ 3.975. We discuss the

dramatic impact of the flow transition on mixing and propose scaling laws for the blob mixing time in the

limit of large Péclet numbers, suggesting mixing could be independent of shear rate at large λ.

DOI: 10.1103/PhysRevLett.133.154001

The fate of a localized heterogeneity of viscosity in a
liquid depends on its dispersion, small-scale deformation,
and possible dilution by the stirring flow. Besides the
limiting case of solid inclusions, much attention has been
devoted to immiscible liquid heterogeneities, i.e., droplet
emulsions, which are spherical at rest and deform or break
up when flow stresses overcome capillary cohesion [1–12].
Nonetheless, many natural and industrial processes (e.g.,
mixing in the Earth mantle [13–17] or dilution of polymer
melts [18,19]) involve fully miscible heterogeneous blends,
which are not segregated by capillarity and will eventually
mix, i.e., homogenize by molecular diffusion at long time.
This route to homogenization highly depends on the
deformation kinematics of the heterogeneities, which
may increase mixing surfaces and steepen concentration
gradients, or not [20–22]. For viscous flows, such kin-
ematics depend on the applied flow and on the hetero-
geneity field. They are generally complex, but we show in
this Letter that important fundamental results can be
obtained by studying the case of an isolated and initially
localized heterogeneity.
More particularly, we consider the deformation of an

initially spherical blob of viscosity λη, subjected to a simple
shear in a bath of a different viscosity η. We perform
experiments in the limit of a purely viscous flow (low
Reynolds number) and slow mass diffusion (large Péclet,
i.e., large Schmidt, numbers). Such experiments are chal-
lenging and scarce [23], since the deformation history
depends highly on the initial blob shape, whereas capil-
larity cannot be used to form an initially spherical blob.
Measurements are compared and complemented with an
analytical modeling of the flow, based on integral solutions
of the analogous elastic problem [24]. Altogether they

reveal three highly different regimes of deformation, as
well as their critical dependence on the viscosity ratio λ and
on the initial blob shape, of which we discuss the dramatic
consequences on the mixing of the blob.
The setup is sketched in Fig. 1(a). The simple shear flow

is set in a viscous bath in a cylindrical Couette cell with
counterrotating walls (with radii of 36 and 60 mm). The
blob is prepared with a spherical shape (see below) and
sheared at the zero-velocity radius in the middle of the gap.
The bath and blob liquids are Newtonian, aqueous
solutions of a fully miscible organic copolymer (Ucon

(b)

(a)

FIG. 1. Setup and protocol. (a) Sketch of the shear cell. (b) Blob
preparation: (i) drop deposition, (ii) rotation and slow freezing
during calefaction, (iii) sinking, (iv) collection of the solid sphere
to be placed in the shear cell.

*
Contact author: henri.lhuissier@univ-amu.fr

PHYSICAL REVIEW LETTERS 133, 154001 (2024)

0031-9007=24=133(15)=154001(6) 154001-1 © 2024 American Physical Society



75-H-90000 by Dow, see Supplemental Material (SM),
Sec. 2 [25]) prepared at different mass fraction f. The
viscosity ratio λ between the blob and the bath is varied by
fixing the bath viscosity, η ¼ 1 Pa s (f ¼ 50 wt%), and
adjusting the blob viscosity λη between 0.1 and 40 Pa s
(30 wt% ≤ f ≤ 100 wt%). A minute amount of fluorescent

dye (Rhodamine 6G at 3 × 10−5 g=mL) is chemically
bound to the blob polymers for visualization. Viscosities
are measured with a cone-plate rheometer. The blob is
illuminated with a thin horizontal laser sheet of wavelength
532 nm [26] and observed from the top with a camera. To
ensure a parallel flow, the bath is floated on top of a high-
density, immiscible, and low-viscosity layer of oil
(Fluorinert FC43).
To obtain a spherical blob without interfacial tension we

use the protocol sketched in Fig. 1(b). A drop of the blob
liquid is deposited onto a liquid nitrogen bath. While being
levitated and rotated by nitrogen vaporization, the blob
slowly freezes into a sphere. The sphere is collected and
immersed in the shear cell, where it rapidly melts and
reaches thermal equilibrium before shear start. The tech-
nique yields a smooth blob, with radius

ffiffiffiffiffiffiffiffiffiffi

a0b0
p

¼ 1.72"
0.06 mm and asphericity 1 − b0=a0 < 0.08 (with a0
and b0 the maximal and minimal blob radii in the

observation plane, respectively). The shear rate (γ̇ ¼ 1 s−1)

sets a low Reynolds number ργ̇a2
0
=η ≈ 10−3 ≪ 1 (with

ρ ≈ 1080 kg=m3 the blob density) and a large Péclet

number Pe≡ a2
0
γ̇=D ∼ 105 (with D ≈ 10−11 m2 s−1 the

effective diffusion coefficient of the dye between the blob
and bath mixtures), which ensures negligible effects of

diffusion before a strain γ ≡
R

γ̇dt ∼ 102 (see final dis-

cussion). Last, the blob is kept in the field of view, by
constantly adjusting the rotation speed of the walls (keep-
ing γ̇ unchanged, see SM, Sec. 2 [25]).
The blob deformation is found to depend critically on the

viscosity ratio λ with the bath. Three qualitatively different
regimes are observed, which are illustrated in Fig. 2

(see also SM movies [25]). In the isoviscous case
(λ ¼ 1), representative of the conventional stretching

regime, the blob elongates monotonically and unboundedly
into a thin lamella, which progressively aligns with the
flow. In contrast, for the largest viscosity ratio (λ ¼ 8),
typical of the rolling regime already reported for highly
viscous drops and blobs [2–5,23], the blob does not align
with the flow. It actually follows a periodic orbital motion
with little stretch and endless rotation. Last, for the
intermediate ratio (λ ¼ 3.5) a third kinematic regime,
which we call folding regime, is observed. The blob
elongates at short times, though significantly less than in
the isoviscous case, and eventually destabilizes by folding
into swirling structures.
To quantify the three regimes, we measure the blob

relative width b=b0 and orientation relative to the flow
gradient direction φ for λ between 0.1 and 40. As shown in
Figs. 3(a) and 3(b), in the stretching regime (λ ≤ 2), the
short-time decay of the blob width b=b0 is slower for λ > 1

and, conversely, faster for λ < 1. However, at long time the
blob aligns with the flow and recovers the stretching rate of

an isoviscous blob. The orientation φ follows 90° − φ ∼ γ−1

[Fig. 3(b), inset], whereas the width decreases asymptoti-
cally as b=b0 ¼ β=γ, with β a stretch shift factor, quantify-
ing the longtime deviation to the isoviscous case

(b=b0 ¼ γ−1) due to the different short-time kinematics,
which increases with increasing λ. In the rolling regime
(λ ≥ 8), the blob deformation is periodic. The elongation
amplitude and the period of oscillations both decrease with
increasing λ toward the values expected for an almost solid
drop, i.e., Δb≡ b0 − bmin ¼ 0 and γT ¼ 2π. Last, in the
folding regime (λ ¼ 3 and 3.5), the decrease in b=b0
deviates strongly from both previous trends. A long initial
transient, called substretching transient, is observed, where

the (maximal) width decreases slowly like b=b0 ∼ γ−1=2 for
significant strains (γ ≳ 10), until it plateaus as the blob
eventually folds and swirls, before rolling with little stretch.

FIG. 2. Snapshots of the three deformation regimes observed for increasing viscosity ratio λ (γ ≡
R

γ̇dt, see also SM movies [25]).
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The onset of folding and the number of swirling structures
are found to vary between experiments, as highlighted by
the envelope of the extremal values observed for b=b0
[Fig. 3(a)], and by the two typical patterns of swirling
structures presented in Figs. 3(f) and 3(g). The longtime
(maximal) width is distributed between b=b0 ≈ 0.08 and
≈0.4, which indicates the kinematics in the folding regime
is highly sensitive to small changes in the initial conditions
or in the flow.
To gain insight on these kinematics, we model the blob

deformation in the limit of a purely viscous, incompress-
ible, simple shear flow, u ¼ γ̇ye

x
, and no mass diffusion.

Following [27] we use exact analytical solutions
of the instantaneous viscous flow, derived by Eshelby
for the analogous elastic problem [24]. This approach is
relevant since for a linear flow, such as the simple shear
considered here, the strain rates inside an ellipsoidal blob
are uniform. This implies an initially spherical blob
remains ellipsoidal at all times, with a shape given by
time-integrating Eshelby’s solution for the instantaneous
deformation rates. In the present case, the stretching rates
of the three main axes a, b, c of the ellipsoid
and its orientation φ relative to the flow gradient direction
follow
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ȧ

a
−
ḃ
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where A, B, and F are analytical functions of the blob
aspect ratios and of λ (see SM, Sec. 3 [25]). Remarkably,
the above formalism extends Jeffery’s results [28] for a

solid ellipsoid (λ−1 ¼ 0), and those of Taylor [2] and
followers for a close to spherical drop (a0 ≃ b0 ≃ c0), to
the whole parameter space, by providing the blob evolution
for all initial ellipsoid and viscosity ratio.
As shown in Fig. 3, Eq. (1) recovers the stretching and

rolling regimes observed experimentally at low and high λ,
respectively. Specifically, for λ below a critical value

λc ≃ 3.975, the theory predicts the blob ultimately aligns

with the flow and stretches according to b=b0 → βγ−1 (see
SM, Sec. 4 [25]). The stretch shift factor is only mildly
lower than 1 (β ≃ 0.431) for an inviscid blob (λ ¼ 0) and

diverges like β ∼ ðλc − λÞ−1=2 in λc, which agrees with
experimental observations for the stretching regime [λ ≤ 2,
see Fig. 3(c)]. For λ > λc, Eq. (1) recovers the periodic
rotation and oscillations of the rolling regime, with an
amplitude Δb=b0 ∼ 5=2λ and period γ̇T=2π ∼ 1þ 15=4λ
(see SM, Sec. 6 [25] for derivation), in good agreement

(a) (b) (c)

(d) (e)

(f) (g)

FIG. 3. Stretch laws. (a) Normalized blob width vs accumulated shear strain for different viscosity ratio λ. Error bars: standard
deviation between runs (over 4, 6, and 1 run for λ ≤ 2, λ ¼ 3–3.5, and λ ≥ 8, respectively). Shaded-area (folding): extremal values. (b),
(d) Blob orientation and width vs strain. (c) Stretch shift factor, β≡ limγ≫1γb=b0, vs λ. (e) Period and amplitude of the oscillations vs λ.

Symbols: experiments (average over 2 runs). Solid lines: Eq. (1). (f),(g) Typical patterns observed in the folding regime (2b is the
maximal width measured at the swirling structures).
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with observations. For λ close to λc, the theoretical
kinematics eventually converge to one of the two previous
asymptotics (stretching or rolling). However the latter are
only reached after a large strain, which diverges like

γ ∼ ðλc − λÞ−1, and before which the blob experiences a
long transient substretching regime with a different power

law, b=b0 ∼ γ−1=2 (see SM, Sec. 5 [25]). This critical
substretching regime (dashed line in Fig. 3) is found to
be close to the transient substretching actually observed for
λ ¼ 3 and 3.5, before the blob eventually folds. However,
Eq. (1) does not capture the folding nor the subsequent
kinematics, which suggests folding actually stems from an
instability of the transient substretching flow, when λ is
sufficiently close to λc. This noninertial shear instability
bears a similarity with the swirling instability reported for a
viscous liquid stream sheared by a less viscous liquid in a
channel [29], and might be related with the purely viscous
mechanism uncovered by Yih [30,31].
The measurements and analyses above regard the limit

when material diffusion has negligible effects. Nonetheless,
they allow us to discuss how, and how fast, the two miscible
liquids will eventually mix at long time. Indeed, at large Pe,
mixing strongly depends on how much the concentration
gradients and the contact area between the blob and the
bath are increased. Such enhancement by the flow is well
documented for the reference case of an isoviscous blob
(λ ¼ 1), which stretches as b=b0 ¼ γ−1 at long time.
In this case, diffusion proceeds essentially across the blob
smallest dimension b, where gradients are large [32].

At first order in Pe−1, the advection-diffusion equation
ct þ u · ∇c ¼ DΔc, with c the concentration and D the
molecular diffusivity, becomes the purely diffusive equa-
tion cτ ¼ cξξ, in terms of the relative transverse coordinate

ξ≡ y0=b and dimensionless time τ≡
R

ðb0=bÞ
2dγ=Pe ≈

γ3=Pe [20,22,32]. Mixing occurs for τ ≈ 1, at a time

Dtmix=b
2

0
≈ Pe−2=3 [21] (which is Schmidt number inde-

pendent in the present limit of very high Schmidt numbers).
For other viscosity ratios in the stretching regime, the

longtime kinematics depend only on λ through the stretch
shift factor, β≡ limγ≫1 γb=b0. Hence, the same formalism

as for λ ¼ 1 is expected to apply. This yields

Dtmix

b2
0

≈ β2=3Pe−2=3; ð2Þ

for Pe ≫ 1, and implies that the mixing time should vary
only mildly with λ; decreasing by ≈40% for an inviscid
blob (λ ≪ 1), and increasing by ≈60% for λ ¼ 2, relative to
λ ¼ 1 [see Fig. 4(a)]. Importantly, for Pe ≫ 1, mixing
proceeds at a time when the kinematics has become
independent of the viscosity field, which implies that the
diffusion coefficient to use in (2) is not necessarily
that between water and polymer molecules (setting vis-
cosity), but that of the scalar which is actually tracked (e.g.,
dye, …). By contrast, a dramatic effect is expected in the

rolling regime. Indeed, for λ ≫ 1, the nondiffusive kin-
ematics converge to a solid body rotation, in the blob, and
to the steady flow around a solid sphere, in the bath.
Crucially, the latter features a recirculating region, with
closed streamlines and a typical extension ∼a ¼ b around
the sphere (see [33], Fig. 4) across which the long term
radial transport is essentially diffusive at Pe ≫ 1. In this

limit the mass transfer, −D
R

S ∇c · ds with S ¼ 4πb2 the

sphere surface, is quasisteady and only ≈9=2 faster,
asymptotically, than for a nonmoving sphere in a non-
moving bath [34–38]. From this scaling, the blob is
expected to dilute slowly as it rolls, with a sphere radius

decreasing like b=b0 ≈
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − t=tmix

p

, until it is fully mixed

at a time

Dtmix

b2
0

≈
1

9
; ð3Þ

which is independent of shear rate and all the more long
relative to the stretching regime so that Pe is large. By
contrast with the stretching regime, the rolling kinematics
depend on the viscosity field until mixing proceeds, which
implies that the effective diffusivity to use in (3) is that of
the viscosity field (i.e., of the polymer concentration). For
intermediate ratios (λ ≈ 2–4), the long initial substretching

regime (b=b0 ∼ γ−1=2) would lead to τ ∼ γ2=Pe, hence

Dtmix=b
2

0
≈ Pe−1=2. However, the folding of the blob

interrupts stretching and forms rolling sub-blobs, for which
a similar scaling as in the rolling regime [with an effectively
reduced initial size b0 → f0.08–0.4gb0] can be expected.
All these trends are summarized in Fig. 4(a).
As a conclusion, observations and modeling provide a

complete picture of the deformation of a localized hetero-
geneity of viscosity, for the reference case of a spherical
blob in a viscous simple shear flow. The transition between
unbounded stretching at low blob viscosity and periodic
rolling at large blob viscosity occurs close to a critical

(a)

(c)

(b)

FIG. 4. (a) Expected dependence of the mixing time on λ at
large Péclet number. (b) Sketch of the closed streamlines region
expected for λ ≫ 1. (c) Theoretical dependence of λc on the initial
aspect ratio a0=b0 for an initial orientation φ0 ¼ 0 or π=2 (and

c0 ¼
ffiffiffiffiffiffiffiffiffiffi

a0b0
p

).
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viscosity ratio λc ≈ 3.975, and involves, experimentally, an
intermediate regime, in which the blob is substretched and
folded by the flow. For a miscible heterogeneity, this
transition is expected to impact dramatically the homog-
enization of the flow. From the nondiffusive kinematics one
anticipates a mixing time at large Pe changing from

tmix ∝ Pe−2=3, for a subviscous or close to isoviscous blob,

to tmix ∝ Pe0, in the limit λ ≫ 1, i.e., to a mixing time
which is insensitive to the velocity of the stirring flow.
Theoretically, the transition has a strong dependance on the
initial shape and orientation of the blob, which suggests
that for an elongated heterogeneity mixing may be slowed

down only for rather large viscosity ratios (λ≳ ða0=b0Þ
3=2,

for a blob initially perpendicular to flow, see Fig. 4(c) and
SM, Sec. 5 [25] ).
These trends concern an idealized flow and asymptotic

limits of mixing. Yet, they provide clear guiding laws for
the complex and nonlinear process of mixing highly
viscous liquids with nonuniform viscosity. Indeed,
although the blob deformation depends on the flow
imposed to the bath—e.g., in a purely extensional flow,
a blob eventually stretches after a transient ∼λ=γ̇, however,
large λ is ([39], see also SM, Sec. 7 [25])—the transition, or
the existence of a long initial delay, between a stretching
and rollinglike blob is presumably relevant to many
realistic flows, including chaotic ones, provided vorticity
is nonzero and Lagrangian persistence time short enough.
As for the nonlinearity of the mixing problem, it relates to
the feedback of the viscosity field on the flow. One facet is
the initial blob shape and viscosity ratio λ, which have been
addressed above. The other one relates to the evolution of
the viscosity field by molecular diffusion, which implies
that the flow is a priori not independent of mixing, i.e., not
Pe independent, in contrast to most mixing processes. On
this second facet, the present work also brings clarifica-
tions. In the stretching regime (λ < λc), the blob passively

follows the flow after a short transient of order γ−1, which
means the nonlinearity is entirely embedded in the longtime
stretch shift factor β, while the flow independence to
diffusivity at high Pe is recovered. In the rolling regime
(λ > λc), the situation is more intricate. As diffusion
proceeds, the viscosity profile in the recirculating region
around and inside a highly viscous blob will evolve,
possibly affecting the periodic motion and the asymptotic

prediction tmix ∝ Pe0. Yet, observation indicates rolling
persists for many rotations, and flow dependence to Pe is
presumably confined near the boundary between closed
and open streamlines, which would resemble the passive
transport case [34–38], inertial vortex stripping [40], or
stripping of particle clouds [41]. Clarifying this feedback of
diffusion on the flow will demand further investigations
through longtime experiments resolving mixing.
The benchmark results obtained here for a localized
heterogeneity will also need to be extended to more
complex viscosity fields in order to bridge the gap with

the case of solid particulate suspensions [26,42] or porous
media [43–45] and to offer a complete picture of mixing
between liquids with unequal viscosity.
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SM1. Description of the experimental movies

The movies show the deformation of an initially spherical blob for different viscosity ratio � between the blob and
the shearing bath. They correspond to the image sequences provided in Fig. 2 of the main body of the paper. The
blob appears as dark. The Péclet number is ⇠ 105.

Movie 1: Stretching regime (� = 1, Fig. 2 top).
Movie 2: Folding regime (� = 3.5, Fig. 2 middle).
Movie 3: Rolling regime (� = 8, Fig. 2 bottom).

All three movies are speed up 10 times. The length scale is indicated by a scale bar.

SM2. Additional information on the experimental setup

The bath and blob liquids are aqueous solutions of Ucon 75-H-90000 by Dow (linear polymers with 75wt% ethylene
oxide groups, 25wt% propylene oxide groups and a molar mass ⇡ 12 kg/mol). Varying the mass fraction of the
polymer in the blob relative to the bath slightly changes the blob buoyancy. The largest density difference (below
3.5%) is obtained for � = 0.1. This small density mismatch does not perturb the flow significantly (the typical
creaming velocity (2/9)∆�gb20/�, with � = 1Pa/s the bath viscosity, is below 10�4 m/s, i.e., much below the typical
shear velocity �̇b0 ' 1.5 10�3 m/s.).

Viscosities are measured at the experiment temperature (22�C) with a cone-plate rheometer (Aanton Paar MCR
501). The shear rate is imposed with values logarithmically ramped between 0.1 s�1 and 10 s�1. For all liquids,
viscosity is constant, within ±1%, over the range of applied shear rates.

The laser sheet is obtained from a cylindrical laser beam of wavelength 532 nm, a cylindrical plano-convex lens, and
a rapidly rotating mirror with 6 flat faces (see Fig.1(a) of the main body of the paper). The lens focuses the beam
in the vertical direction to obtain a thin sheet at the intersection with the blob. The rotating mirror expands the
beam horizontally to form a sheet with uniform thickness and uniform light intensity. A low-pass filter is positioned
between the blob and the long-distance macroscope (Leica Z16 APO) of the camera (achieving a spatial resolution of
12µm/px) to block the laser light while letting the fluorescent light from the dye pass.

� henri.lhuissier@univ-amu.fr
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The Reynolds number at the scale of the shear cell is low (��̇∆r2/� ⇠ 10�1, with ∆r = 24mm the gap between the
inner and outer walls, and � the bath viscosity). The initial acceleration time of the walls is much longer (�̇/�̈ ⇠ 10 s)
than momentum diffusion across the gap (�∆r2/8� . 0.1 s). The rotation speeds �in and �out of the two walls
are controlled by two independent rotation stages to ensure both the desired shear rate (only set by the difference
�out � �in) and a vanishing velocity at the blob center in the reference frame of the laboratory (set by adjusting
independently the sum �in + �out). To avoid that the blob would drift slowly over very long times in the azimuthal
direction, the co-rotation speed (�in + �out)/2 is constantly and slowly adjusted while keeping the counter rotation
�in��out exactly unchanged. To ensure that the shear rate remains very close to constant at all time in the shear cell,
these adjustments are also done with change rates much lower than the inverse viscous diffusive time accros the cell gap.

The initial asphericity of the blob in the vorticity direction is not quantified directly. However, the frozen blob is
immersed in the bath with a random orientation. Therefore, the average and variations between runs of the initial
value of c0 are expected to be the same as those of a0 and b0 (i.e. 1.72±0.06mm).

SM3. Theory - Derivation of the blob deformation rates (Eq. 1)

This section provides the derivation of the expressions for the deformation rates of the blob (Eq. 1 of the main body
of the paper) based on Eshelby’s solution for the formally analogous problem of the elastic deformation of a matrix
containing an inclusion of a different stiffness [1].

We consider a viscous blob, with viscosity ��, which is sheared in a viscous liquid bath, with viscosity �. Both
liquids are Newtonian and incompressible. The inertia of the flow is neglected. The bath is considered infinite and a
simple shear flow u

FF = �̇yex is imposed in the far-field. To describe the kinematics of an initially spherical blob at
all time, it is enough to consider an ellipsoidal blob, with main radii a, b < a and c aligned with directions ea, eb and
ec, in the particular case when ec is also the vorticity direction. In such case, the orientation of the ellipsoid is fully
determined by the angle � between the velocity gradient direction, ey, and ea (for � = 0, the length a is normal to
the flow, for � = �/2, it is along the flow). In such case, also, Eshelby established that the deformation rate inside
the ellipsoid is uniform and related to the far-field flow and viscosity ratio �, through a linear operator.

Strain rates of the inner fluid

In the ellipsoid coordinate system (ea, eb, ec) the far-field strain rates and rotation rate are, respectively,

ε̇
FF =

0

@

sin 2� � cos 2� 0
� cos 2� � sin 2� 0

0 0 0

1

A

�̇

2
, �FF = � �̇

2
.

From Eshelby’s solution, the uniform rates inside the ellipsoid, ε̇ and �, follow

[I + ��
S] ε̇ = ε̇

FF , � = �FF � 2��R�̇ab, (SM.1)

where �� ⌘ � � 1, I is the identity matrix and S(ab ,
b
c ) and R(ab ,

b
c ) are, respectively, a fourth order linear operator

and a coefficient, depending on the ellipsoid aspect ratios only.

The operator S is such that (S �̇)ij = Sijkl�̇
P
kl (where summation has to be performed on the kl indexes). It does

not couple the shears from perpendicular directions nor does it couple extensions with shears. This means that each
coefficient Sijkl for which any of the i, j, k, l appears an odd number of times vanishes. The other coefficients are [1]

Saaaa = a2Iaa , Sbbbb = b2Ibb

Saabb = b2Iab , Sbbaa = a2Iab , Saacc = c2Iac , Sbbcc = c2Ibc ,

Sabab = Sabba =
a2 + b2

2
Iab , R =

Ia � Ib
6

,
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which involve the following moments of a, b and c

Ia =
3

2
abc

Z

�

0

∆
�1

a2 + u
du , Ib =

3

2
abc

Z

�

0

∆
�1

b2 + u
du , Ic = 3� Ia � Ib ,

Iab =
Ib � Ia

3(a2 � b2)
, Iac =

Ic � Ia
3(a2 � c2)

, Ibc =
Ic � Ib

3(b2 � c2)
, (SM.2)

Iaa =
1

a2
� Iab � Iac , Ibb =

1

b2
� Iab � Ibc , Icc =

1

c2
� Iac � Ibc ,

with ∆ =
p

(a2 + u)(b2 + u)(c2 + u). All these moments express in terms of Ia and Ib, only, which can themselves be
expressed as

Ia = � 3c2

a2 � c2

0

@1� a

c

E
�

arccos(ab ),
c2�b2

a2
�b2

�

p

1� a2/b2

1

A ,

where E is the elliptic integral of the second kind, and the expression for Ib is found by substituting a for b.
In our particular case, the solution of (SM.1) for the extension components is

�̇aa

�̇
=

1 + [(Iab + Ibb)b
2 � (Iac + Ibc)c

2]��

N

sin 2�

2
,

�̇bb

�̇
= �1 + [(Iaa + Iab)a

2 � (Iac + Ibc)c
2]��

N

sin 2�

2
,

(SM.3)

with

N = 1 + [Iaaa
2 + Ibbb

2 � (Iac + Ibc)c
2]��

+ [(IaaIbb � I2ab)a
2b2 + (IabIac � IaaIbc)a

2c2 + (IabIbc � IacIbb)b
2c2]��2 . (SM.4)

The shear component is

�̇ab

�̇
= � 1

1 + (a2 + b2)Iab��

cos 2�

2
, (SM.5)

while the rotation rate inside the ellipsoid is

�

�̇
= �1

2
+

Ia�Ib
3

��

1 + (a2 + b2)Iab��

cos 2�

2
. (SM.6)

Relation between inner fluid strain and ellipsoid deformation

The inner liquid deformation rates (�̇aa, �̇bb, �̇ab and �) allow us to compute the deformation of the ellipsoid itself,
i.e, the stretching rates of its main axes, ȧ/a, ḃ/b, ċ/c, and its rotation rate in the ea, eb plan, �̇, as follows.

The rotation rate of the ellipsoid �̇, i.e., the rotation rate of ea, has actually two components. The first one is the
rotation rate of the line of inner fluid, which is parallel with ea at a given time

�̇line = �� � �̇ab .

The second one is the rotation rate of ea relative to the line of inner fluid, due to the ellipsoid deformation. This
latter contribution can be derived as follows (not considering the rotation rate of the flow, which is already considered
in �̇line). The equation of the ellipse contained in the ea, eb plane is

r

b
=

p
2a

p

a2 + b2 � (a2 � b2) cos 2(�� �)
, (SM.7)

with r the local ellipse radius and � the polar angle relative to the gradient direction ey. In the neighborhood of the
main axis, the radius r evolves, at lowest order, with time t as

r(�+ d�, t+ dt) = r + r��d�2/2 + (ṙ + ṙ�d�)dt , (SM.8)
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where � and ˙ stand for derivation relative to � and t, respectively, evaluated at � = �. The new orientation of the
ellipse is given by dr

dφ
= r��d�+ ṙ�dt = 0, which means that the ellipse main axes rotate at a rate

�̇shape ⌘
d�

dt
= � ṙ�

r��
.

From (SM.7), the denominator can be expressed as

r�� = �a(a2/b2 � 1) .

As for the numerator, one has

ṙ� = a�̇� = a[cos2(�� �)�̇aa � 2 cos(�� �) sin(�� �)�̇ab + sin2(�� �)�̇bb]
� = �2�̇ab .

Combining the previous equations yields the expression for the rotation rate �̇ = �̇line + �̇shape of the ellipse

�̇ = �� � a2 + b2

a2 � b2
�̇ab ,

while, from the first order terms in (SM.8), one has simply

ȧ = a �̇aa , ḃ = b �̇bb , ċ = c �̇cc .

General expressions for the ellipsoid deformation rates

Finally, making use of (SM.3,SM.5,SM.6) we recover Eq. 1 of the main body of the paper:

1

�̇

ȧ

a
= A(

a

b
,
b

c
,�)

sin 2�

2
, A =

1 + [(Iab + Ibb)b
2 � (Iac + Ibc)c

2]��

N
,

1

�̇

ḃ

b
= �B(

a

b
,
b

c
,�)

sin 2�

2
, B =

1 + [(Iaa + Iab)a
2 � (Iac + Ibc)c

2]��

N
, (SM.9)

ċ

c
= � ȧ

a
� ḃ

b
,

�̇

�̇
=

1

2
+ F(

a

b
,
b

c
,�)

cos 2�

2
, F =

a2+b2

a2
�b2 + Ib�Ia

3
��

1 + a2+b2

a2
�b2

Ib�Ia
3

��

, (SM.10)

which have to be complemented with (SM.4,SM.2) for the expression of N and of the moments Ia, Iab. . . in terms of
a, b and c, respectively.

SM4. Theory - Long-time limit of the stretching and substretching kinematics

This section presents a derivation for the asymptotics of the long-time stretching regime (� < �c) and of the long
transient substretching regime when � ⇡ �c.

For sufficiently low viscosity ratio, or sufficiently elongated initial shape, the ellipsoid lengthens forever and asymp-
totically aligns with the flow direction. As the ellipsoid lengthens, its stretching is increasingly slaved to that of the
far-field flow, because the typical drag of the bath ⇠ �(�̇FF

aa � ȧ/a)a2 balances the viscous tension in the ellipsoid
⇠ ��(ȧ/a)bc, which imposes that the stretching rate difference �̇FF

aa /(ȧ/a)� 1 ⇠ �bc/a2 = �r3eq/a
3 decreases strongly

with increasing length (with req ⌘ (abc)1/3, the constant sphere-equivalent radius of the ellipsoid). However, although
in most of the cases the alignment, or rotation, of the ellipsoid is also slaved to that of the far-field flow, there exist
cases where the viscosity contrast affects the alignment even for an infinitely elongated shape, leading to a different
asymptotics of alignment, with the consequence of a different long-term elongation of the ellipsoid.

In both cases one has to consider the limit a � req, b ⌧ req, c ⇠ req and �� = �/2 � � ⌧ 1. The asymptotics of

(SM.9,SM.10) are obtained by noting that A ! 1,B ! 1, a2+b2

a2
�b2 ! 1 + 2 b2

a2 and Ib�Ia
3

! 1
1+ab2/r3eq

, which confirms
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that the ellipsoid stretches at the same rate as the far-field flow parallel with its long axis (ea) and that the actual
elongation is determined by the kinematics of alignment according to

1

�̇

ȧ

a
' � 1

�̇

ḃ

b
' �� ,

1

�̇

ċ

c
' 0 ,

�̇

�̇
= �

˙��

�̇
' �

�� 2

b2

a2
+ ��2 . (SM.11)

Inspection of the last equation shows that the angle �� ⌘ �/2� � has to decay like ��1, i.e., �� = �1�
�1, while the

stretching rate is given by the prefactor �1.

‘Regular’ alignment and stretching regime

If the term λ
λ�2

b2

a2 is subdominant, one obtains ˙�� = ��̇��2, i.e. �� = ��1 or �1 = 1, like in the isoviscous
case. Not only the current stretching rate but also the alignment rate is the same as that of the outer fluid. As a
consequence the long-term elongation has to follow the isoviscous scaling

a

req
! �� ,

b

req
! ���1 , with � ! ��1 ,

and the viscosity mismatch merely leads to a lag, or anticipation, in the kinematics relative to the isoviscous case (�,
� 6= 1).

Overalignment or substretching regime

However, the term λ
λ�2

b2

a2 is not necessarily subdominant. For some kinematics of alignment (see Fig. SM.1), it can

actually be of the same order as ��2 (⇠ ��2). Since at long time c � �0, one has a/req ⇠ (b/req)
�1, which implies

a ! reqa1�
�1/2. Therefore, the first two equations of (SM.11) impose �� = (2�)�1, i.e.,

a

req
! a1�

1/2 ,
b

req
! b1�

�1/2 , with � ! 1

2
��1 ,

while the last one imposes the following relation between the prefactors a1 and b1

a1
2

b1
2
=

�

�� 2
.

The actual value of a1 (or alternatively b1) is not prescribed by the present asymptotic analyses (it is set by the
short-time kinematics before alignment).

0 10

90

45

Figure SM.1. Deformation kinematics of an initially spherical blob (a0 = b0 = c0), in the isoviscous case (λ = 1, black) and for
the critical viscosity ratio (λ = λc � 3.975, blue). (a) Main blob lengths vs accumulated shear strain. (b) Blob orientation vs
accumulated shear strain. Inset: short time.
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SM5. Theory - Critical viscosity ratio and dependence to initial shape

This section presents the critical deformation kinematics, which separates the stretching from the rolling regimes,
for an initially spherical blob. It also presents typical critical kinematics for an initially ellipsoidal blob with different
initial orientations relative to the flow, as well as the dependance of the critical viscosity ratio on the blob initial
aspect ratio and orientation.

Fig. SM.1 presents the critical deformation kinematics for an initially spherical blob (� = �c ' 3.975) up to an
accumulated shear strain � ⌘ �̇t = 107. The kinematics is compared to the isoviscous case (� = 1). Fig. SM.2a
compares the critical deformation kinematics of an initially ellipsoidal blob with a fixed initial aspect ratio a0/b0 = 4,
for different initial orientations �0 = 0, 45, 70, 80, 85 and 90� relative to the velocity gradient direction. Fig. SM.2b
shows the dependence of the critical viscosity ratio �c on the initial aspect ratio a0/b0 and orientation �0 of the blob.
The critical viscosity ratio is obtained by a shooting method as the viscosity ratio for which the angle �/2�� decays
like ��1 at long time (the trend is verified up to the largest computed deformation � = 107).

SM6. Theory - Amplitudes and period of oscillation for λ � 1

This section provides the derivation for the amplitudes and period of the shape oscillations of the blob, in the case
of a large viscosity ratio (� � 1).

For sufficiently large viscosity ratio and sufficiently compact initial shape, the ellipsoid does not align with the flow
direction but keeps rotating while it undergoes stretching and compression cycles. In the strict absence of inertia
(Re = 0) the orbiting motion is periodic, as a consequence of the reversibility and symmetry of the flow (the kinematics
is unchanged under a (t,�) ! (�t,�/2��) transformation). For large amplitude orbits, one has to rely on numerical
integration of (SM.9,SM.10). However, for large viscosity ratios (� � 1), the blob experiences only small amplitude
oscillatory deformations around the steady solution of a solid rotating sphere (a = b = c = req, �̇ = �̇/2), of which
the amplitude and period can be derived.

In the latter limit (� � 1), the angle � is of order 1 (it increases from �/4 to 3�/4 over the period), whereas the
deformations are of order |a � 1| ⇠ |b � 1| ⇠ ��1. However, the deviation of the period from 2�/�̇ actually involves
the next order in ��1. We therefore seek for the orientation and small deformations in the form:

a

req
� 1 =

a1
�

+
a2
�2

,
b

req
� 1 =

b1
�

+
b2
�2

, 2� =
�

2
+ 2�0 +

2�1

�
, (SM.12)

10
-2

10
0

10
2

10
0

10
2

Figure SM.2. Critical deformation kinematics for an initially ellipsoidal blob with different initial aspect ratios and orientations.
(a) Critical kinematics for a fixed initial aspect ratio a0/b0 = 4 (with c0 = req � (a0b0c0)

1/3) and different initial orientations
ϕ0 = 0, 45, 70, 80, 85 and 90� relative to the velocity gradient direction. (b) Critical viscosity ratio vs initial aspect ratio for
the same initial orientations. Large symbols correspond to the kinematics shown in (a).
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with a1, a2, b1, b2,�0 and �1 unknown functions of the shear strain � only. Developing the system (SM.9,SM.10) in
series of the small parameter ��1 yields:

1

�̇

✓

ȧ1
�

+
ȧ2
�2

◆

=



A1

�
+

A2

�2

�

cos(2�0 +
2�1

�
) ,

1

�̇

✓

ḃ1
�

+
ḃ2
�2

◆

= �


B1

�
+

B2

�2

�

cos(2�0 +
2�1

�
) , (SM.13)

1

�̇

✓

2�̇0 +
2�̇1

�

◆

= 1�


F0 +
F1

�

�

sin(2�0 +
2�1

�
) ,

where

A1 =
5

2
, A2 = �25

4

✓

1� 22a1 + 4b1
35

◆

,

B1 =
5

2
, B2 = �25

4

✓

1� 4a1 + 22b1
35

◆

,

F0 =
5

2

1

a1 � b1
, F1 = �5

2

a2 � b2
(a1 � b1)2

� 175� 65(a1 + b1)� 28(a1 � b1)
2

28(a1 � b1)
,

are the serie coefficients in ��1 of A ⌘ aA, B ⌘ bB, and F , depending on a1, a2, b1, b2 only. At first order, the system
(SM.13) becomes

ȧ1 + ḃ1
�̇

= 0 ,
ȧ1 � ḃ1

�̇
=

5

2
cos 2�0 ,

2�̇0

�̇
= 1� 5

2

cos 2�0

a1 � b1
,

which is solved by

a1 + b1 = 0 , a1 � b1 = 5 sin
�

2
, 2�0 =

�

2
. (SM.14)

The second order is

ȧ2 + ḃ2
�̇

= (A2 � B2)
cos 2�0

2
=

225

56
sin � ,

ȧ2 � ḃ2
�̇

= �2A1

sin 2�0

2
2�1 + (A2 + B2)

cos 2�0

2
= �5

2
sin

�

2
2�1 �

25

4
cos

�

2
,

2�̇1

�̇
= �F0 cos 2�0 2�1 � F1 sin 2�0 = �1

2

2�1

tan γ
2

+
1

10

a2 � b2
sin γ

2

+
5

2
cos � � 5

4
,

which yields

a2 + b2 = �225

56
sin � , a2 � b2 =

25

8
(sin � � 3�) cos

�

2
, 2�1 =

15

8
(sin � � �) . (SM.15)

Using (SM.14,SM.15) in the expression for � (SM.12), we obtain the period of the oscillations as the strain � = �̇T
at which 2� = �/2 + �/2 + 15

8λ
(sin � � �) = 3�/2, i.e.,

�̇T

2�
= 1 +

15

4�
,

at first order in ��1, as stated in the main body of the paper.

SM7. Theory - Stretching delay in an extensional flow for λ � 1

This section presents the derivation for the typical time delay ⇠ �/�̇ before a highly viscous blob strained by a
purely extensional flow stretches as fast as the far-field flow.
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We consider a blob with a viscosity ratio � relative to the suspending bath, which is strained in a two-dimensional
extensional flow u

FF = �̇x�
ex� � �̇y�ey� . For an initially spherical blob, the longest axis a is parallel with the main

extensional direction ex� at all times. Therefore, simplifying (SM.9) for � = 0, � = �/4 and �̇/2 ! �̇ yields the
relevant evolution equations for the blob dimensions:

1

�̇

ȧ

a
= A(

a

b
,
b

c
,�) ,

1

�̇

ḃ

b
= �B(

a

b
,
b

c
,�) ,

ċ

c
= � ȧ

a
� ḃ

b
. (SM.16)

As the blob deforms, the aspect ratios a/b and b/c change, and the stretching rates ȧ/a, ḃ/b and ċ/c follow
successively three different regimes, as illustrated in Fig. SM.3 for a viscosity ratio � = 100. At short time, the blob
is close to spherical and stretches at a low rate set by the blob viscosity:

1

�̇

ȧ

a
' 1

1 + 2(�� 1)/5
' 5

2�
,

ḃ

b
' � ȧ

a
,

ċ

c
' 0 ,

as given by the limit of (SM.16) for a ' b ' c, in agreement with Taylor’s result [2]. This first transient lasts until
the blob shape has significantly deviated from a sphere, which takes a typical time

ta ⇠ 2�

5�̇
. (SM.17)

After ta, the stretching rate ȧ/a of the long axis rapidly increases up to the far-field rate �̇, but the blob does
not deform like an isoviscous blob, yet. For an intermediate transient regime the blob undergoes a close to biaxial
extension, with a � b ' c, for which (SM.16) becomes

1

�̇

ȧ

a
' 1 ,

1

�̇

ḃ

b
' �1 + �/2

1 + �
,

1

�̇

ċ

c
' � �/2

1 + �
.

For � � 1, the stretching rates of b and c are both close to ��̇/2, but they are not equal. The third axis c is
compressed with a rate about �̇/� faster than b, which means that after an additional time

tb � ta ⇠ �

�̇
, (SM.18)

the aspect ratio b/c becomes much larger than 1 and the kinematics enter the long-time regime.

Figure SM.3. Time evolution of the blob dimensions for an initially spherical blob with viscosity ratio λ = 100 in a two
dimensional extensional flow (time-integration of (SM.16)). (a) Close-up on the initial transient (γ . γ̇ta), with a slow
stretching limited by the blob viscosity. (b) Whole kinematics, showing also the intermediate transient (γ̇ta . γ . γ̇tb), and
the long time regime (γ & γ̇tb), when the blob width is compressed as fast as the far-field flow.
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Figure SM.4. (a) Time evolution of the blob extremal stretching rates for different λ. (b) Transition times between the three
successive stretching regimes vs λ. Symbols: values obtained from the time-integration (ta and tb are obtained by evaluating
γ̇�1 limγ�λ[γ� ln(a/a0)] and γ̇�1 limγ�λ[γ+ln(b/c)], respectively). Plain and dashed lines: (SM.19) for ta and tb, respectively.

At long time, the blob is so slender that it passively follows the far-field flow with stretching rates

1

�̇

ȧ

a
' 1 ,

ḃ

b
' � ȧ

a
,

ċ

c
' 0 ,

given by the limit a � c � b of (SM.16), which are independent of the blob viscosity.
Fig. SM.4a presents the extension rate ȧ/a and the compression rate �ḃ/b obtained by time-integrating (SM.16)

for � ranging from 10 to 300. The three stretching regimes are recovered. They are all the more distinct so that � is
high. Fig. SM.4b shows the times ta and tb separating the three regimes. They are found to follow

ta ' 1

�̇

�� 1

3
, and tb '

1

�̇
(�� 1) , (SM.19)

in agreement with (SM.17), and (SM.18), and as stated in the discussion in the main body of the paper.

[1] J. Eshelby, The determination of the elastic field of an ellipsoidal inclusion, and related problems, Proc. R. Soc. Lond. 241,
376 (1957).

[2] G. Taylor, The formation of emulsions in definable fields of flow, Proc. R. Soc. Lond. 146, 501 (1934).
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III.2.5 Additional informations

Before addressing mixing, we provide additional information about two specific aspects of the flow,

which have not been discussed much in the letter. First, about the folding instability observed for a

viscosity ratio close to the critical value λc, and second, regarding the reversibility of the flow.

III.2.5.a Folding regime

When the viscosity ratio is close to λc, the blob deviates from the predicted substretching and eventually

folds. We did not systematically investigate this instability, however, it presents a rich phenomenology

and some of our observations deserve to be reported. In figure III.10a, we show that for two experiments

starting from the same initial conditions (λ = 3.5), the blob either destabilizes into one large folding

swirl (top), or into a series of smaller evenly-spaced swirls (bottom). This result suggests that the folding

instability is, in practice, very sensitive to small changes in the initial shape or orientation of the blob. We

also observe that the duration of the sub-stretching transient, before the blob eventually folds, depends

on the viscosity ratio: the closest to the critical viscosity, the earlier the destabilization. The exact sequence

of the folding kinematics and the actual number of rolling structures is found to vary from one repetition

of the experiment to the other, however, the destabilization is robustly observed.

A similar phenomenology, reported by Cubaud and Mason, [117], occurs when a viscous liquid thread

flowing in a channel is sheared by a less viscous liquid co-flowing in the same channel (see Fig. III.10b).

The authors report a viscous swirling instability, which becomes more pronounced when the thread is off-

centered in regions of larger shear. The authors do not provide a detailed mechanism, but their swirling

instability and the folding instability we report might be related with the purely viscous mechanism

uncovered by Yih [118, 119].

a)

b)

FIGURE III.10: Variability of the folding regime and similarity with reported flows. (a) Detail of the folding observed for
two experiments with λ = 3.5. Both blobs stretch while aligning with the flow direction, until they destabilize and
fold into a different pattern: (top) a single large swirl, (bottom) multiple small swirls. (b) Reproduction of Fig. 3b and
Fig. 4c of [117], showing off-centered viscous threads co-flowing with a less viscous liquid in a small channel and

destabilizing into a series of viscous swirls.
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III.2.5.b Flow reversibility

The various kinematics of deformations observed when varying the viscosity ratio naturally raise the

question of the flow reversibility. In 1966, Taylor illustrated the reversibility of certain Stokes flows, with

a celebrated experiment with a Couette flow [120]. A blob of dye sheared in a viscous liquid recovers

its initial shape when the shear direction is reversed (except for the blurring due to molecular diffusion).

Taylor’s demonstration concerns the isoviscous blob case. But what about reversibility when the blob

viscosity is not equal to the bath viscosity?

Just like for the isoviscous case, equations III.5 we derived for the flow with a non-isovisous blob are

time reversible (at Re = 0 and Pe = ∞). However, just like for the isoviscous case, this reversibility

of the equations tells nothing about the actual stability of the flow relative to small perturbations. We

therefore performed preliminary experiments to investigate the deformation of an initially spherical blob,

of varied viscosity, over a back and forth shear cycle with a strain amplitude of γ = 12. Pictures of the

mid-cycle and end-cycle shapes are reported in figure III.11. For the isoviscous benchmark (λ = 1, top

panel) the blob is stretched in a thin lamella and eventually recovers its initial shape, mildly blurred

by molecular diffusion. For a blob in the rolling regime (λ = 8, bottom panel), the blob also returns

to its initial condition after the flow is reversed. By contrast, for a non-isoviscous stretching blob (λ =

2, middle panel) reversibility breaks down. The blob stretches into a fairly elongated lamella but, as

shear is reversed the lamella seems to buckle and eventually folds. This instability might bear similarity

with viscous buckling, because when the shear is reversed, the viscous stresses in the more viscous blob

switch from tensile to compressive along its long axis a. It would be interesting to further investigate

this instability and, in particular, to determine the relation between the critical elongation to trigger the

instability and the viscosity ratio. Indeed, the rolling regime (which probes reversibility since, without

shear reversal, the second part of the periodic motion is already the symmetric of the first one) shows that

for large λ and sufficiently small deformations, the flow is stable, hence reversible.

1mm

FIGURE III.11: Extending Taylor’s reversibility experiment to non-isoviscous blobs. The blobs are submitted to a back and
forth cycle of shear of strain γ ' 12. (Top) Benchmark isoviscous case (λ = 1). (Middle) Non-isoviscous stretching

blob (λ = 2). (Bottom) Rolling blob (λ = 8).
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III.3 Mixing of the blob

The experiments conducted to examine the kinematics of deformation at high Péclet numbers revealed

the existence of tree distinct regimes depending on the viscosity ratio λ. In this section, we will focus on

the two extreme regimes, the stretching regime (λ  2) and the rolling regime (λ & λc ' 4), to investigate

how the qualitative change in kinematics influences the mixing time of the blob. We will leave aside the

intermediate substretching regime, for which mixing depends on the details of the complex folding insta-

bility and of the variability of the swirling sub-blob size it produces. The following mixing investigation

requires additional, longer and more resolved, experiments where, besides varying the viscosity ratio, we

will also vary the Péclet number.

III.3.1 General observations

Figure III.12 illustrates the typical evolution towards mixing in the stretching regime (λ = 2) and the

rolling regime (λ = 30), at similar Péclet numbers Pe ⇡ 104. For λ = 2 (top), the blob follows a canonical

stretching-enhanced mixing. It is rapidly thinned down into a lamella by the shear. After some minutes

its concentration decays, and it is eventually mixed completely within 20 minutes. For λ = 30, the blob

rolls and adopts a close to self-similar ovoidal shape, whose size decreases very slowly. After 20 minutes,

the rolling blob is still far from mixed and its core concentration is almost unchanged relative to the initial

blob. This comparison illustrates how the kinematic transition from stretching to rolling, due to the in-

crease in the viscosity ratio λ, qualitatively changes the mixing process and dramatically affects the blob

mixing time.

In the following, we model the mixing in the two regimes, and present additional systematic exper-

iments to measure the mixing time dependance to the viscosity ratio and the Péclet number, which will

allow us to test the model.

III.3.2 Mixing in the stretching regime

We first address the stretching regime by performing long experiments with a viscosity ratio λ between 0.1

and 2 and a Péclet number Pe between 6 ⇥ 103 and 6 ⇥ 105. The experiments are conducted by adjusting

the shear velocity in accordance with the size of the blob to achieve the exact desired Péclet number (see

§III.1.2). Some co-rotation is added to the cell walls counter-rotation to obtain a cleaner flow (see §III.1.2),

Fully mixed

FIGURE III.12: Dramatic impact of the stretching to rolling transition on the mixing of the blob. Evolution of the mixing
process in a simple shear flow at Pe ⇡ 104 (γ̇ ' 0.3 s�1) for a low viscosity stretching blob (λ = 2, top) and a large

viscosity rolling blob (λ = 30, bottom).
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which allows us to track quantitatively the evolution of very thin lamellae with decaying concentration

levels. Images are captured at approximately one frame per second.

III.3.2.a Phenomenology & quantification

Figure III.13a shows the blob at four successive strains for λ = 2 and Pe = 6 ⇥ 104. The corresponding

concentration profiles measured across the blob width and their fit with an error function are shown in

figure III.13b. In this stretching regime, the mixing of the blob is qualitatively similar to the isoviscous

case presented in the introduction (§I.2.3.a). The mixing process is only shifted by the kinematic stretch

shift factor β(λ) (investigated and understood in §III.2.2 and §III.2.4), which quantifies how much the

long term thinning of the more viscous blob, b/b0 ! βγ�1, is shifted relative to the isoviscous case,

b/b0 ! γ�1. In the following, we show how the Ranz lamellar approach can be extended to include this

shift factor β and predict the mixing process over the whole stretching regime.

III.3.2.b Mixing model including the stretch shift factor β

In the stretching regime, the kinematic evolution of the blob width is asymptotically given by b/b0 =

1/
p

1 + (γ̇t/β)2. The Ranz dimensionless warped time, T =
R t

0
D

b(t0)2 dt0, is thus readily expressed as

T = 1
Pe (γ̇t + (γ̇t)3

3β2 ) ' 1
Pe

(γ̇t)3

3β2 , from which we obtain the expressions for the diffusive evolution of the

a)

b)

c)

FIGURE III.13: Mixing in the stretching regime – Quantification. (a) Image sequence of the mixing process for λ = 2
and Pe = 6 ⇥ 104 (γ̇ ' 0.2). (b) Concentration profiles measured along the dotted lines in (a) and fitted with an error
function (black solid line). (c) Resulting normalized blob width b/b0 and maximal concentration Cmax/C0 vs strain.

Solid lines: extended Ranz lamellar framework acounting for the stretch shift factor β (Eqs. III.6 and III.8).
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blob width and maximal concentration

b
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=

r
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2
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(III.6)

The onset mixing time tM and the minimal width of the blob at the onset of mixing bM are obtained for

T = 1, which gives

tM

b2
0/D

'
 

Pep
3β

!�2/3

, and
bM

b0
'
 

Pep
3β

!�1/3

. (III.7)

Equations III.6 and III.7 give all the dependance of the mixing process on the viscosity ratio λ through

the stretch shift factor β(λ). To explicit this dependance on λ we provide the following approximation of

the function β

β(λ) ' 1 + (λ � 1)(1 � β0 � 0.1λ + 0.16λ2) , with β0 = β(0) ' 0.431 , for 0  λ  3 , (III.8)

which is valid within 5% over the range 0  λ  3 and gives the exact value for both the inviscid case

(λ = 0) and the isoviscous case (λ = 1; for value close to λc ⇡ 4, the function β diverges like (λc � λ)�1/2

but it is not relevant anymore since the blob folds, see Fig. III.9c).

The above expressions deserve comments. First, the stretching regime is limited to viscosity ratio λ

below ⇠ 2 (because of the folding instability), for which the stretch shift factor varies between ⇡ 0.4 and

⇡ 2. The mixing time is thus expected to vary only mildly with λ, decreasing by ⇡ 40% for an inviscid

blob (λ ⌧ 1) and increasing by ⇡ 60% for λ = 2, relative to the iso-viscous case. As for the Péclet de-

pendence, it is the same as in the iso-viscous case. Second, in the long time diffusing regime (t � tM)

although the maximal concentration Cmax ∝ β keeps a dependance to λ, the width of the blob b ∝ β0

does not (conservation of the dye is ensured by the increase in the blob other dimensions ac ∝ 1/β). For

experiments at different viscosity ratio at fixed Péclet number, we therefore expect a collapse of the blob

widths after the mixing time.

Relevant diffusivity. Last, and importantly, in the stretching regime and for the large Péclet numbers

we consider, mixing occurs at a time when the viscosity field does not influence the flow anymore. Al-

though the blob is thicker or thinner by the factor β (which embeds the early history of deformation),

the current thinning rate �ḃ/b = t�1 is independent of β, hence of the blob viscosity. This implies that

equations III.6 to III.8 describe not only the mixing of the viscosity field (if one uses D = Dη to compute

Pe), but also the mixing of a dye that would diffuse slower (using D = Ddye), or the mixing of any other

diffusive scalar initially concentrated in the blob and advected by the liquids (using the diffusivity coef-

ficient of this scalar). The only condition is that the corresponding Péclet number be large compared to

1.

III.3.2.c Model versus experimental results

The above predictions are tested by performing two sets of experiment. One varying the Péclet number

between 6 ⇥ 103 and 6 ⇥ 105, at fixed viscosity ratio λ = 2, the other varying the viscosity ratio between
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Fully mixed

b)

a)

FIGURE III.14: Mixing in the stretching regime – Model versus experiments. (a) Experiments varying the Péclet number
(6⇥ 103  Pe  6⇥ 106) at fixed viscosity ratio (λ = 2). Top: Image sequence of the mixing process (the many stripes
observed for Pe = 6⇥ 105 are pieces of the same highly stretched blob, spiraling in the shear cell). Bottom: Evolution
of the blob width and maximal concentration vs strain. (b) Experiments varying the viscosity ratio (0.1  λ  2)
at fixed Péclet number (Pe = 6 ⇥ 104). Black and solid lines: extended Ranz lamellar framework acounting for the

stretch shift factor β (Eqs. III.6 and III.8).

0.1 and 2, at a fixed Péclet, Pe = 6 ⇥ 104. Given the weak dependence on λ, these experiments are

challenging and had to be improved by all the techniques listed in §III.1.1 before resolving the trends. In

practice, each experimental curve is an average over typically 3 individual runs, and error bars represent

the standard deviation between runs. The viscosity ratios being close to 1, the dye diffusion is dominated

by the low mobility of the polymer molecules Ddye ' 10�11 m2/s (see Chapter II), and the Péclet number

Pe = b2
0γ̇/Ddye is computed with this value.

Figure III.14a shows the results obtained when varying Pe, together with image sequences of the typ-

ical evolutions. As for the iso-viscous case, shearing faster accelerates mixing. At t = 11 min the lamella

has been mixed at the largest Péclet (6 ⇥ 105), whereas it is still visible at the lower Péclet numbers. The
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FIGURE III.15: Mixing in the stretching regime – Mixing time. Normalized mixing time DtM/b2
0 versus λ for the

different Péclet numbers investigated (D = Ddye = 10�11 m2/s and Pe = b2
0γ̇/Ddye). Black lines: extended Ranz

lamellar framework acounting for the stretch shift factor β (Eqs. III.7 and III.8).

evolution of the blob width b/bo and of the maximal concentration Cmax/C0 show a significant influence

of the imposed Péclet number, and the measurements are well captured by the model (Eq. III.6).

Figure III.14b shows the results obtained when varying λ. Here, as expected, the influence of λ is mild

but still appreciable, both for the width and for the concentration. Blobs with a larger viscosity mix at a

later time and the shift between different curves is typically captured by the model including the stretch

shift factor β. As anticipated, we observe that the widths of blobs of different viscosity ratio collapse onto

a single curve after the mixing scale.

Figure III.15 summarizes the results of this section devoted to understanding and quantifying mixing

in the stretching regime, by presenting the normalized mixing time DtM/b2
0 obtained for all the viscos-

ity ratio and Péclet numbers investigated. Measurements show a strong dependence of the mixing time

on the Péclet number, and a mild dependence on the viscosity ratio. They agree with the description

proposed above. The extended Ranz lamellar framework (Eqs. III.6 and III.8), which include the stretch

shift factor β, is found to capture quantitatively the observed experimental trends over the whole range

of viscosity ratio and Péclet number investigated. It is worth stressing that the model is plotted without

fitting parameters. Indeed, the blob size and experimental shear rate are set by the experimental condi-

tions, the dependence of the stretch shift factor β on the viscosity ratio λ was determined analytically in

the previous section dedicated to the kinematics at infinite Péclet, and the diffusion coefficient D = Ddye

was measured independently in the static diffusion experiment presented in chapter 2.

III.3.3 Mixing in the rolling regime

We now move to the rolling regime observed for large viscosity ratios. Here, the blob no longer stretches,

but rolls, and a lamellar description is no longer relevant. In what follows, we perform experiments

dedicated to this rolling regime by varying the viscosity ratio λ 2 [5, 90] and the Péclet number Pe 2
[2 ⇥ 102, 2 ⇥ 104] in order to interpret the mixing process at play and provide a model for the blob mixing

time. For these experiments, the shear cell is counter-rotating to keep the blob in the field of view, and we

use the laser shutter to mitigate photobleaching (see §III.1.2).

III.3.3.a Phenomenology & quantification

Figure III.16a highlights the typical long-time mixing phenomenology in the rolling regime (here for

λ = 30 and Pe = 2 ⇥ 103). The salient features, which are robustly observed for λ 2 [5 � 90], are the

following:

i-iii) The blob rolls, while undergoing small amplitude stretching-compression cycles. The amplitude of

these oscillations, which have been discussed in the section devoted to the kinematics (see Fig. III.9a),
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FIGURE III.16: Mixing in the rolling regime – Phenomenology and quantification. (a) Evolution of the cross-sectional
area of the blob versus time and corresponding snapshots of the blob, emphasizing the slow and close to self-similar
shrinkage of the blob, at long time. (b) Short-time evolution of the blob aspect ratio a/b, showing the rapid damping

of the oscillations of the rolling motion and the convergence to the quasi-steady self-similar shape.

is shown in panel b, which focuses on the early evolution of the blob aspect ratio.

iv) The blob oscillations are progressively damped, and the blob relaxes to a quasi-steady ellipsoidal

shape with its long dimension a aligned with the flow direction.

v) After a time tshed, the dyed liquid start to be shed in the outer bath, in the form of two thin diffuse

lamellae aligned with the flow, at each side of the blob.

vi-vii) The shedding process continues, while the blob dimensions decrease close to self-similarly by keep-

ing a roughly constant aspect ratio a/b.

viii) The core of the blob, dissolving between the shed lamellae, eventually disappears at a time tM,

which we call the mixing time.

This definition of the mixing time is chosen because we are mostly interested in the mixing process by

which the rolling blob progressively ‘dissolves’ into the bath. The subsequent mixing of the shed lamella

left in image (viii) can simply be described with the standard Ranz formalism.

We now provide more information on the three dimensional evolution of the blob. Figure III.17a

shows the vertical thickness profile of a blob measured at t = 500 s (λ = 30, Pe = 2 ⇥ 103) and obtained

by vertically scanning the blob with the laser sheet (see corresponding cross-sections of the blob). We

observe that the blob significantly departs from its initial isotropic spherical shape and elongates in the

vorticity direction (ez), reaching an aspect ratio c/b ⇡ 2.5. By performing this scan at 4 different times

over the mixing process, we find that this aspect ratio is relatively constant and independent of the viscos-

ity ratio. We can also compare the typical evolution of the cross-sectional area (ab/a0b0), which decreases

rapidly, to that of the blob volume (abc/a0b0c0), which increases first, before decreasing after the shedding

time (see Fig. III.17b). We will come back to this observation and provide an explanation after we have
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presented the model.

Last, we discuss the close to self-similar ellipsoidal shape of the blob observed over most of the pro-

cess. This shape results from a damping of the periodic stretching component of the rolling motion and

it is essentially maintained as mixing proceeds. We did not study the damping itself (which might be

a consequence of a minute diffusion of the viscosity field or of the small but finite Reynolds number of

the flow), but we notice that the self-similar shape depends on the viscosity ratio. The lower λ the more

slender the blob in the shear plane (the larger a/b, see Fig. III.17c). This trend can actually be understood

from the infinite Péclet kinematics of the blob.

Indeed, inspection of the equations III.5 for the blob kinematics at infinite Péclet shows that there are

steady solutions of the flow (ȧ = ḃ = ċ = ϕ̇) only for ϕ = π/2, i.e., only when the blob is aligned with

the flow direction (ex). The condition on ϕ̇ = 0 therefore imposes F
⇣

a
b , b

c , λ
⌘

= 1, which is equivalent to

(see expression for F provided in the supplemental material of the letter in §III.2.4)

aSbScS

2

Z

∞

0

a2
S � b2

S

(a2
S + u)3/2(b2

S + u)3/2(c2
S + u)1/2

du = λ , (III.9)

with aS, bS, cS the steady dimensions. Equation III.9 defines the dependence of the steady shapes on the

viscosity ratio λ. For a given λ there is actually a family of steady shapes aS/bS parametrized by the third

dimension cS/bS. This means that for the observed transverse aspect ratio cS/bS ' 2.5, there is a single

steady solution for each viscosity ratio. This analytical steady solution is compared to measured shapes

in figure III.17c. The analytically derived cross-sectional aspect ratio aS/bS is found to match closely

the measurements over the whole range of viscosity ratio investigated. This indicates that, in spite of

100 101 102
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a) b)

c)

volume

cross-sectional 
area

FIGURE III.17: Mixing in the rolling regime – 3D shape of the blob. (a) Vertical thickness profile of the blob (measured
at t = 500 s, λ = 30, Pe = 2 ⇥ 103) and some snapshots (corresponding to horizontal cross-sections). (b) Evolution
of the blob cross-sectional area ab/a0b0 (hollow circles) and blob volume abc/a0b0c0 (circles) versus time. (c) Aspect
ratio aS/bS of the close to self-similar quasi-steady shape observed over most of the mixing process versus viscosity
ratio λ (measurements are done at times close to the shedding time). Blue line: analytical steady solution for a non-

diffusing blob (Eq. III.9 with cS/bS = 2.5). Error-bars: Standard deviation over 3 run.
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the diffusion of the viscosity field, the flow remains not too far from that of a non-diffusing blob. This

observation suggests that the core of the blob does not dilute significantly over most of the slow shrinkage

of the blob. We will come back to this point below.

III.3.3.b Mixing model: a ’dissolving’ rolling sphere

The longer mixing time in the rolling regime reported in figure III.12 is, obviously, a consequence of the

rolling motion preventing the thinning of the blob observed at low viscosity ratios. To provide a quan-

titative prediction, we consider the limit of a highly viscous blob (λ � 1), for which the nondiffusive

kinematics converge to a solid body rotation, in the blob, and to the steady flow around a solid sphere, in

the bath. Crucially, the latter features a recirculating region, with closed streamlines and a typical exten-

sion . a = b around the sphere. This recirculating region is illustrated in figure III.19 with a schematics of

the closed streamlines and a beautiful image from an experiments by Cox, Zia & Mason [90]. These closed

streamlines play a crucial role since they drastically limit the mass transfer from the sphere to the outer

fluid. Indeed, in the limit of large Péclet numbers we are interested in, the long term radial transport is

limited by the diffusion across the locally parallel streamlines and it is of an essentially diffusive nature.

In this limit, the mass transfer rate is quasi-steady and its asymptotic value derived by Acrivos [121–125]

for a solid sphere in a simple shear

q = �D
Z

Σ

rC ds ⇡ 18πDC0 ⇥ b , with Σ = 4πb2 the sphere surface , (III.10)

is only about 9/2 faster than for a sphere diffusing in a static bath. Importantly, the rate q in the simple

shear also scales with the sphere size b. From mass conservation, d
dt

4π
3 b3 = �q, applying this scaling to a

highly viscous blob implies that the blob would ‘dissolve’ slowly as it rolls, with a radius following

b

b0
'
r

1 � t

tM
, (III.11)

until it the blob is fully mixed at a time
tM

b2
0/D

' 1
9

. (III.12)

This result is remarkable and may seem counterintuitive, at first sight, since it indicates that the mixing

of a fairly viscous blob should be independent of the flow strength. Shearing faster is not expected to mix

faster! To our knowledge, there is no experimental evidence of this odd behavior in literature.

(a) (b)

FIGURE III.18: Recirculating region around a solid sphere in a simple shear flow. (a) Schematics illustrating the closed
streamlines in the recirculating region. (b) Picture of an experiment by Cox, Zia & Mason [90], highlighting the

recirculation region with a dye released by the sphere.
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Relevant diffusivity. Importantly, in this scenario, the slow rate of mixing of the blob is set by the

rolling motion, which requires that the viscosity contrast with the bath be maintained. This means that

the evolution of the blob given by equations III.11 and III.12 depends on the evolution of the viscosity

field. Therefore, even if we track the mixing of a dye that does not diffuse as fast as the viscosity field, the

relevant diffusivity to use in these equations is D = Dη (it would be D = Ddye only if the dye diffusivity

Ddye was larger than Dη , see final discussion in Chapter V). Indeed, if viscosity has equilibrated, the liq-

uid is stretched and any content, including dye, will mix rapidly.

In the following we address whether the above limit, of a highly viscous blob diffusing without sig-

nificantly changing the flow around, could describe the mixing process observed in the rolling regime.

In particular: is there actually a recirculating region around the blob, given the finite viscosity ratio and

the self-similar ellipsoidal shape? If this recirculating region exists, can it explains the various features

mentioned above (long mixing time, finite shedding time, etc..) and capture the blob mixing time over

the range of viscosity ratios and Péclet numbers investigated?

III.3.3.c Model versus experimental results

To investigate the presence of a recirculating region around the blob, we perform a dedicated experiment

with small fluorescent tracers in the bath (PS-FluoRed-Particle of size 2.99 µm) and a blob of a fairly large

viscosity (λ = 30). We monitor the flow, once the blob has reached the quasi-steady ellipsoidal shape

and before shedding occurs. A stack of 100 images is acquired at a large frame rate (5 fps), which are

corrected for the minute drifts of the blob to be exactly centered on the blob. By superimposing the im-

ages, the assembly of tracers draws the streamlines of the flow in the reference frame of the blob shown

in figure III.19a. One clearly observes a recirculating region (highlighted in green), which is very similar,

qualitatively, with the recirculation region computed by Cox [90] for solid sphere (see Fig. III.19b).

This experiment validates the presence of a recirculating region around the rolling blob. We now in-

vestigate to what extent this region controls the mass transfer rate and the mixing time of the blob. To

do so, we follow the mixing of the blob for different Péclet numbers Pe 2 [2 ⇥ 102 � 2 ⇥ 104] for a fairly

large viscosity ratio (λ = 30). The experiments, reported in figure III.20, are performed with blobs of

very similar size. This means that the Péclet number is varied by changing only the shear rate and allows

(a) (b)

1 mm

FIGURE III.19: Mixing in the rolling regime – Evidence of a recirculating region around the blob. (a) Streamlines around a
viscous blob for λ = 30 obtained by the superimposition of 100 frames when the blob has reached its quasi-steady
self-similar shape (before tshed). The recirculating region is highlighted in transparent green. (b) For comparison,

theoretical streamlines around a solid sphere in a simple shear flow [122].
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FIGURE III.20: Mixing in the rolling regime – Shear rate (in-)dependence. Experiments for different shear rates (0.03 s�1 
γ̇  2.3 s�1) at a fixed viscosity ratio λ = 30 and similar blob size b0 ⇡ 0.75 mm. (a) Image sequences illustrating
the mixing process at different shear rates. (b) Evolution of the squared blob width b2/b2

0 versus time, in agreement
with the linear decay predicted by Eq. III.11. (c) Normalized mixing time (solid symbols) and shedding time (hollow

symbols) versus Pe. Black line: prediction of the mixing time from (Eq. III.12 with D = Dη = 1.65 ⇥ 10�10m2/s).

us to test directly the dependence of the mixing time on the stirring strength. The illustrated compari-

son in figure III.20a is striking. Although the shear rate is varied over two decades, the rate of mixing

is found to be similar, and the last bulge formed by the blob disappears almost at the same time for all

three experiments. More quantitatively, figure III.20b shows that for all three experiments the squared

width b2/b0 decays close to linearly with time and that the decay rate is independent of the shear rate,

in agreement with the prediction of Eqs. III.11 and III.12. Figure III.20c confirms that the resulting mixing

times are essentially independent of the shear rate (with a maximal variation of a factor 2 over the two

decades of variation in γ̇). We however notice a significant offset. The measured mixing time is longer

than predicted by the model by a factor 3 to 6. Although we do not fully understand it, two effects could

contribute to this offset. First, an overestimation of the diffusion coefficient of the viscosity field, Dη . A

measurement of Dη for the same viscosity ratio λ = 30 would help to confirm that the normalization is

correct or not. A second, more interesting, possibility is that the longer mixing time is the signature of an
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additional feedback of the diffusion of the viscosity field on the kinematics. When the viscous liquid of

the blob diffuses inside the recirculation region, on expects that the flow is updated by the new viscosity

field and that the recirculation region would extend slightly further outwards, which would increase the

diffusion time across the region and the mixing time of the blob. These hypothesis remain to be tested

quantitatively.

We also measured the shedding time tshed, which is reported as hollow symbols in figure III.20c . It is

found to be a significant fraction (⇡ 1
4 to 1

2 ) of the mixing time and almost independent of the shear rate.

This is qualitatively consistent with the general mixing mechanism given above. Shedding is expected

once the dye has filled the recirculating region and reached the separatrix with the open-streamlines flow.

Since the thickness of the recirculating region is a fraction of the initial blob size b0, the onset of shedding

is expected at a certain fraction of b2
0/D, independent of the shear rate and smaller than the mixing time.

We now examine the influence of the viscosity ratio λ 2 [5 � 90] at a fixed Péclet Pe = 2 ⇥ 103 (see

Fig. III.21). As λ is decreased, the blob shape and internal flow depart more and more from the limit of

a solid sphere, and mixing should deviate from the model. In particular, we have seen that the lower λ,

the more slender the blob (see aS/bS versus λ in Fig. III.17c). This is qualitatively expected to increase the

area of the blob, to steepen the concentration gradients across the recirculation region, and, therefore, to

shorten the mixing slightly. This picture is qualitatively consistent with the data reported in figure III.21a.

a)

b) c)

Fully mixed

100 101 102
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FIGURE III.21: Mixing in the rolling regime – Viscosity ratio dependence. Experiments for λ 2 [6 � 60] at a fixed Péclet
Pe = 2 ⇥ 103. (a) Image sequences illustrating the mixing process for different viscosity ratio λ. (b) Evolution of the
squared blob width b2/b2

0 versus time, in agreement with the linear decay predicted by Eq. III.11. (c) Normalized
mixing time (solid symbols) and shedding time (hollow symbols) versus λ. Red line: prediction of the mixing time

from (Eq. III.12 with D = Dη = 1.65 ⇥ 10�10m2/s).
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The blob of viscosity ratio λ = 6 mixes roughly 3 times faster than the more viscous blobs. Consistently,

we see in figure III.21b, that for this low viscosity, b2/b2
0 drops rapidly and significantly to the quasi-

steady thickness b2
S/b2

0, before decreasing much more slowly with the diffuse linear decay predicted by

the model. Altogether, the resulting mixing times shown in III.21c (filled symbols) show only a mild

dependence on λ in fair agreement with the model, but with an offset similar to that observed in figure

III.20c and already discussed above.

The shedding time, by contrast, shows a much stronger dependence on λ. It becomes shorter than a

tenth of the mixing time at λ = 6 (see hollow symbols in Fig. III.21c). This might be related with the

more elongated self-similar shape of the blob (larger aS/bS for lower λ), which would tend to decrease

the volume of the closed-streamlines region, but this hypothesis has not been tested experimentally.

A last interesting observation can be made for the case λ = 60 shown in figure III.21a. If the fluores-

cence yield effect caused difficulties for interpreting the fluorescence signal, it is here particularly useful.

For this highly viscous blob, which initially contains a very small amount of water, the fluorescence can

be used, thanks to the yield effect, as a proxi to indicate how far water molecules from the bath have dif-

fused into the blob. At t = 0, the highly viscous core of the blob does not fluoresce (because of the yield

effect) and the mixing front, seen as a ring of intense fluorescence, is very thin. As time passes, water

diffuses into the blob and the fluorescent ring becomes thicker. However, the core of the blob maintains

a very low fluorescence intensity almost until the blob disappears, indicating that not much water has

reached the blob center. The core of the blob therefore keeps a large viscosity until the very end of the

mixing process and evolves, qualitatively, as a slowly dissolving solid sphere.
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III.4 Conclusion

In the present chapter, we have examined experimentally and theoretically the deformation kinematics

and the mixing process of a viscous blob in a simple shear flow, for a wide range of viscosity ratios

λ 2 [0.1 � 90] and Péclet numbers Pe 2 [2 ⇥ 102 � 6 ⇥ 105].

Concerning the non-diffusive kinematics (Pe = ∞), the transition to a rolling-like motion could be

anticipated from the behavior of highly viscous droplets (equivalent to vanishing surface tension), and

had been reported for two dimensional [10] and three dimensional [115] viscous blobs. However, we

have performed controlled experiments and provided exact analytical results which have allowed us to

characterize quantitatively the non-diffusive kinematics over the whole range of viscosity ratio. Three

regimes have been identified: the stretching regime, where the blob thickness follows b/b0 ' βγ�1 for

λ . 2, an intermediate folding regime, where b/b0 ⇡ γ�1/2 for λ ⇡ λc ⇡ 4, and the rolling regime, where

b/b0 ⇡ 1 for λ & λc. Based on Eshleby’s framework, we have rationalized the dependence to λ of

the strecth shift factor β, which determines the long-term thinning in the stretching regime, predicted the

period and magnitude of the blob oscillations in the rolling regime, and determined the precise value of the

critical viscosity ratio λc ' 3.975 of the kinematic transition. Overall, these observations and modeling

provide a complete characterization of the non-diffusive deformation kinematics of an initially spherical

blob strained in a simple shear flow.

Stretching Rolling

Rolling regime

Stretching regime
Static diffusing sphere

Rolling diffusing sphere

Stretching regime:

Rolling regime:

Diffusion within
the recirculating

region
Onset of shedding Self-similar ‘dissolution’ Mixing time
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FIGURE III.22: Mixing in a simple shear flow – Summary of the results. (a) Normalized mixing time DtM/b2
0 versus

viscosity ratio λ for different Péclet numbers (in the stretching regime D = Ddye, in the rolling regime D = Dη). (b)
Sketch of the mixing processes in the stretching and rolling regimes.
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With this clear kinematics limit at hand, we have tackled the mixing problem. On the ground of sys-

tematic experiments for a wide range of viscosity ratios and Péclet numbers, we have documented and

modeled the dramatic impact of the viscosity ratio λ on the phenomenology of the mixing process and

on the mixing time tM of the blob. A graphical summary of the main results is presented in figure III.22a.

It illustrates how the stretching-to-rolling transition results in a very sharp increase in the mixing time,

which is all the more pronounced so that the Péclet number of the flow is large. The large increase in

mixing time is the signature of two different mixing processes, which are sketched in figure III.22b:

• In the stretching regime, the blob undergoes the classical stretching-enhanced diffusion process, which

is well captured by extending the Ranz lamellar framework to include the effect of the stretch shift

factor β. As shown in figure III.22a the predicted mixing time DtM/b2
0 = (

p
3β/Pe)2/3 agrees well

with the measurements, in trend and magnitude, for the dependence on both the viscosity ratio and

the Péclet number.

• In the rolling regime, the rotating blob is surrounded by a recirculating region, which imposes a

purely diffusive mass transfer from the blob to the bath. This feature leads to a somehow coun-

terintuitive behavior: the blob mixing time becomes independent of the stirring strength! We have

been able to confirm this remarkable property experimentally: as shown in figure III.22a, varying

the shear rate over 2 decades (for a fixed blob size) gives a virtually constant mixing time. The

temporal evolution of the mixing process in this regime is sketched in figure III.22b. Initially, no

shedding is observed and the volume of the blob increases until the dye has filled the recirculating

region. From this time on (t > tshed) the content of the blob is slowly shed away and diluted in

the bath. Accordingly, the viscous core of the blob decreases in size while maintaining a close to

self-similar shape, until it disappears. This phenomenology is similar to the slow dissolution of a

solid sphere. By considering a highly viscous blob core (λ � 1) and building on a solution for the

quasi-steady transfer rate around a solid sphere in a shear flow by Acrivos [121], we could model

the slow diffusive decay of the blob size b2/b2
0 ∝ 1� t/tM, with a mixing time tM ' b2

0/9D indepen-

dent of the shear rate. Surprisingly, this ‘dissolving sphere’ description holds down to a viscosity

ratio λ = 5 fairly close to the critical value λc (see III.22b), which means the transition of the mixing

time between the stretching and rolling regimes is very sharp.

What needs to be further explored. The global picture drawn above could be refined in many ways. First,

in the rolling regime, the ‘dissolving sphere’ model predicts a normalized mixing time tM = b2
0/9D. We

have experimentally confirmed the independence to the shear rate and captured the magnitude. How-

ever, more experiments would be needed to confirm independently the scaling dependance b2
0 to the blob

size. Although smaller spherical blobs are challenging to prepare and manipulate, whereas larger blobs

cause sedimentation issues, we believe these experiments could be envisaged. Second, deeper investi-

gations would be required to explore the details of the feedback between diffusion and flow kinematics.

This would ideally require a fluorescent tracer that is not biased by the yield effect. Measurements of

the intensity field could then be used to study the evolution of the viscosity field inside and around the

rolling blob. Also, further exploration of the folding regime would be interesting and would require to un-

derstand the destabilization of the blob in the substretching regime and the size of the formed sub-blobs.

The results summarized above provide guiding laws to understand mixing of a viscous liquid with

nonuniform viscosity. In the strict sense, they apply to a rather idealized flow: that of a simple shear.

However, as will be stressed in the final conclusion (Chapter V), it turns out that they are qualitatively

relevant for a large class of laminar steady flows (except those which are too close from purely exten-

sional). Naturally, one may wonder about the fate of a viscous blob strained in even more realistic or

complex situations, like chaotic flows for instance, which are frequently used to achieve mixing of highly
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viscous fluids in industrial applications. In these flows, the direction of stretching is permanently chang-

ing and the stretching of material lines is on average exponential [126]. In such flows, would the rolling

transition at large viscosity ratios still occur? Would the blob mixing time be significantly delayed when

increasing λ as well? What about the recirculating region around the blob observed in a simple shear?

Would it be observed too and control the mixing time of the blob? In the following chapter, we propose to

address these questions by investigating the kinematics of deformation and the resulting mixing process

of viscous blobs in a chaotic laminar flow.



Chapter IV

Mixing in a chaotic flow

This chapter extends the study on the mixing of a spherical blob of a more viscous liquid to the case of

a chaotic two-dimensional laminar flow, i.e., when the flow in the bath is varying essentially randomly

in space and time around the blob. The control parameters are the same as for the steady simple shear

flow investigated in the previous chapters: the viscosity ratio λ, varied between 1 and 124, and the Péclet

number Pe, varied between ⇠ 102 and ⇠ 104. This study has benefited from the huge experimental

contribution of Bruno Weber, who has performed the experiments during his 5 month internship at IUSTI.

The chapter is organized as follows.

We first introduce the setup and characterize the experimental chaotic flow, in particular, the La-

grangian statistics for the local and instantaneous strain and rotation rates, but also their Lagrangian

persistence time and the Lyapounov exponent for a liquid volume advected by the flow. We present ex-

periments for the reference case of an isoviscous blob (λ = 1), in which the blob is rapidly stretched and

mixed, which we validate against the expected mixing behavior for an isoviscous chaotic flow presented

in chapter I. We then extend the experiments to viscosity ratios above one. These experiments reveal a

kinematics of deformation of the blob with two very different phases: a long initial transient, in which

the blob stretches much slower than an isoviscous blob, followed by a fast acceleration of the stretching,

which rapidly mixes the blob with the bath. We will see how this two-phase kinematics can be under-

stood from a simple model inspired by the deformation of a viscous blob in a steady extensional flow and

how this allows to understand the mixing time and its dependence on the viscosity ratio in the case of

moderate to large Péclet numbers. We will also see that, besides the simplification, the model can be le-

gitimized by a more refined stochastic analysis of the average deformation of a viscous blob in a random

linear flow with a finite correlation time.
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IV.1 Chaotic flow setup

The experimental setup is sketched in figure IV.1. The bath consists of a 15 mm thick layer of wa-

ter/polymer solution with a viscosity of η = 0.3 Pa s, which is floated on a thinner layer of an inviscid

immiscible oil (Fluorinert) in a square PMMA container with a width of 20 mm. The walls of the container

around the Fluorinert layer are coated with an hydrophobic tape to obtain a flat meniscus between the oil

and the bath. Like for the shear flow setup, this configuration ensures a two-dimensional flow in the bath.

The flow is set by the cyclic stirring motion of a 6 mm cylindrical rod made of PMMA and placed verti-

cally across the bath. The rod rotates with a constant speed about its axis while translating horizontally

along a modified ‘8-shaped’ cyclic path (see below). A spherical blob of a different viscosity is prepared

and inserted in the bath with the same techniques as in the previous chapters. The flow in the bath and

the deformation of the blob are visualized with the same PLIF technique. The horizontal uniform laser

sheet is obtained with a 2.5 W laser beam of wavelength 532 nm (MGL-F-532) passing through a Powell

lens (a laser-line-generating lens from ThorLabs), which is focussed vertically with a semicircular lens

to achieve a sheet thickness of ⇡ 24 µm. Images are taken from the bottom of the cell through the same

high-pass filter used in the shear cell to block direct reflections of the laser light. The coupling of camera

(Hamamatsu ORCA-Flash4.0 C11440) and lens (Sigma MACRO 180 mm DG HSM) gives a resolution of

15 µm/pix. The setup is mounted on a vertical translation stage (not shown in the schematics) to allow

manual control of the laser sheet height in the bath.

The cyclic stirring motion of the rod is sketched in figure IV.1(b). It essentially consists of two 8-shape

paths, at right angle to each other, which are stretched towards the corners of the container to follow the

walls. This particular stirring motion has been chosen because the path intersects itself repeatedly, which

is known to yield an efficient chaotic stirring [42, 43]. A small rotation of the rod is added to avoid a

direct contact between the rod and the bob. The minimal distance between the rod and the wall (⇡ 8b0)

is chosen to ensure that the blob is not squeezed between the rod and the wall, nor trapped for a long

time in a corner of the container with low deformation rates. The same stirring motion can be realized

at different rates by changing the translation and rotation speeds proportionally. Importantly, since the

Reynolds number of the flow is kept much below one (ρ[V + DΩ]D/η . 0.02, with V, Ω and D the

velocity, rotation rate and diameter of the rod, respectively), the flow is expected to be the same at all

rates, i.e., with the same chaoticity, patterns, correlations, statistics of deformation etc... All deformation

laser

rotation 
stage

translation
stage

camera

filter

stirring rod

laser sheet

viscous bath

viscous blob

fluorinert

side view of the setup cyclic stirring motion

i) ii)

iii)iv)

FIGURE IV.1: Experimental setup and stirring protocol of the chaotic flow. (a) Side view schematics of the setup. (b) Top
view schematics of the cyclic motion of the rod in the bath, producing the chaotic laminar flow.
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rates are expected to vary proportionally with the average strain rate hε̇i, which can be varied between

0.04 and 2.2 s�1 (see §IV.2 for further characterizations), while all flow times will vary like hε̇i�1.



IV.2. Base flow characterization & reference isoviscous case 89

IV.2 Base flow characterization & reference isoviscous case

Before addressing the mixing problem, we need to characterize the chaotic flow obtained with our ex-

perimental setup. We follow the same approach as in Souzy et al. [68]. We measure the chaotic velocity

field from particle image velocimetry techniques and obtain the relevant features and statistics of the flow

from the numerical advection of virtual tracer particles in the experimental velocity field. In particular,

we will characterize the Lagrangian statistics of the deformation rates, as well as the persistence time of

the deformation, the stretching statistics and the Lyapunov exponent for a piece of material line advected

by the flow.

IV.2.1 Flow field

The two-dimensional velocity field {u(x, y, t), v(x, y, t)} is characterized with particle imaging velocime-

try (PIV) in the mid-plane of the bath and for one specific stirring rate (rod velocity) corresponding to

hε̇i ' 0.087 s�1. For this characterization, the bath is replaced by a different fluid (Triton X, a hydrophilic

surfactant), which has the same viscosity as the bath used for the mixing experiment (η = 0.3 Pa s) and

the same refractive index as the stirring rod (n = 1.49). The index matching avoids shadow effects by

the rod and allows us to visualize the whole flow, including next to the rod, at all times. The bath is

seeded with a minute quantity of micrometer-sized fluorescent particles (PS-FluoRed-particles with di-

ameter ' 2.99 µm), which are passively advected by the flow. The PIV routine is adapted from a Matlab

script developed by Meunier & Leweke [127], which obtains the velocity field by iterative runs of image

cross-correlation (see also §II.3.2.b). One velocity field with a spatial resolution of ⇡ 0.3 mm is obtained

every 0.05 s, which corresponds to ⇡ 4400 velocity fields over the whole cycle of the rod motion. A small

sample of a typical velocity field is shown in figure IV.2b. Only one fourth of the whole cycle is actually

characterized, since the whole cycle is the repetition of sub-cycles (labeled i, ii, iii and iv in Fig. IV.1b),

which are identical within a simple symmetry transformation.

a) b)

10 mm

FIGURE IV.2: Characterization of the flow field. (a) Picture of the liquid slice illuminated by the laser sheet. The bright
spots are the seeding particles used to track the flow, the bright disk in the center is the stirring rod. (b) A small

portion of the instantaneous velocity field obtained from the PIV (hε̇i = 0.087 s�1).
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IV.2.2 Flow statistics

To obtain the Lagrangian statistics of the experimental flow field we numerically advect nine virtual

particles initially placed at random positions {xp, yp} in the plane. Each particle is advected according to

the local velocity of the flow as

ẋp(t) = u(xp(t), yp(t), t) , ẏp(t) = v(xp(t), yp(t), t) .

Figure IV.3a shows the trajectory of the particles, whose initial condition is marked with a circle, com-

puted over 5 cycles. Each of the trajectories explores and therefore samples the entire flow domain.

At each time and for each particle we compute the local velocity gradient, from which we extract the

local (positive) strain rate, the local rotation rate and the orientation of the main strain direction defined,

respectively, by

ε̇ =
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with e the eigen vector for the main (positive) strain. The probability distribution functions of these

quantities are plotted in figure IV.3b-d. We systematically compute their average, hχi, and standard

deviation, σχ =
p

hχ2i � hχi2, where χ represents one of the three variables. These correspond to time

averages since the sampling is performed with a fixed time interval.

The strain rate ε̇, which is always positive with our definition, is taken as the reference for the rate

of the flow and all other quantities will be discussed relative to its average value hε̇i (= 0.087 s�1 for

the stirring velocity used for characterizing the flow). Its relative standard deviation σε̇/hε̇i ' 1.11 is

close to 1, which indicates that ε̇ does not have an abnormally large tail distribution. The distribution

for the vorticity is found to be close to symmetric relative to ω = 0 (hωi/hε̇i ' 0.14), indicating that

a) b)

e)

c) d)

f)

FIGURE IV.3: Lagrangian one-point statistics. (a) Typical Lagrangian trajectories computed from the experimental
velocity field. Circles: initial position of the advected particles. Solid lines: trajectories over 5 cycles, see text. (b-c-
d) Lagrangian probability distribution functions for the strain rate ε̇, the rotation rate ω and the orientation of the
main strain axis ϕ. Circles: data. Dashed line: model distributions used for the simulation of the blob deformation
in a random flow: pdf(ε̇/hε̇i) = e�ε̇/hε̇i, pdf(ω/hε̇i) = e�|ω|/hε̇i/2, pdf(ϕ) = 1/π (see §IV.2.2 and Appendix A).
(e) Typical temporal evolution of the strain and rotation rates experienced by an advected particle. (f) Lagrangian
cross-correlation function between the local strain rate and the rotation rate indicating a correlation time hε̇iτ ⇡ 0.7.
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positive and negative rotation direction are close to equally likely. The magnitude of the vorticity is

therefore essentially given by the relative value σω/hε̇i ' 1.12, which is close to the value for σε̇. Last, the

distribution of ϕ is found to be flat indicating that orientation is fully random between �π/2 and π/2.

Given the symmetry, the relative magnitudes and the relative variances of ε̇, ω and ϕ, the distribution of

these three quantities is actually well approximated by the simple exponential and flat functions plotted

in Fig. IV.3b-d. These approximate distributions will be used below to model the stochastic deformation

of a viscous blob in a random flow.

Besides the magnitudes and amplitudes of variation of the strain and vorticity, a crucial quantity of

the chaotic flow is the persistence time of the local flow experienced by an advected particle, in particular

the Lagrangian persistence times of ε̇, ω and ϕ, which express how fast the local flow around the particle

varies. Figure IV.3e shows a typical temporal evolution of the strain rate magnitude ε̇ and vorticity ω

experienced by an advected particle. The persistence time can be estimated from the cross-correlation

function between ε̇ and ω, which is represented in Figure IV.3f. The relative decorrelation time (obtained

by fitting an exponential decay) is found to be of the order of the inverse mean strain rate (hε̇iτ ' 0.7 ).

This quantity will turn to be important to model the stochastic deformation of the blob.

IV.2.3 Stretching statistics

To summarize the global effects of the variability, coupling, and persistence of the local flow around an

advected fluid particle, we compute the stretching history of a fluid line in the chaotic flow. In practice

we advect numerically very short segments (pairs of close particles) of initial length `(0) in the velocity

field and monitor their stretching in the limit when the segments remain short enough to probe the actual

stretching of a continuous line in the flow [68, 70, 128]. Each pair has an initially random position and

orientation in the flow and the advection is performed over height full stirring cycles. To ensure that the

segments remain short enough, they are split in two each time their length has doubled, and one half is

discarded to keep the total number of advected segments constants. This refinement method allows us to

keep track of the entire strain history without overburdening the computation. By counting the number j

of divisions, the actual elongation of the segment is recovered from ρ(t) = 2j `(t)/`(0) (see figure IV.4b).

Each segment experiences a different stretching history depending on its initial position and orientation.

To probe the whole flow and obtain statistically converged distributions, the advection is performed for

103 segments.

Figure IV.4c-d presents the time evolution of the statistics of the elongation. Since the lengths typically

grow exponentially, we actually use the logarithm of the elongation ln ρ. The average and variance of ln ρ

are plotted in Fig. IV.4c. They both grow linearly with time (with a variance typically twice as large

as the mean), as expected for a chaotic flow. The long time evolution of the mean hln ρi defines the

dimensionless Lyapounov exponent of the flow

κ ⌘ hln(ρ)i
hε̇it ' 0.17 . (IV.1)

This dimensionless Lyapounov exponent represents the effective stretching rate hρ̇/ρi in the chaotic flow

relative to the mean strain rate hε̇i, which sets the long time average hln(ρ)i = eκhε̇it. It can be seen as

a measurement of the asymmetry between the amplitude of the stretching events (ρ̇/ρ > 0) and of the

compressive events (ρ̇/ρ < 0) for a line advected in the chaotic flow. The value κ ' 0.17 is consistent

with the fairly long persistence time and indicates that the flow is highly chaotic.

Besides the mean value and variance, the distribution of hln(ρ)i is found to converge to normal dis-

tributions (see Fig. IV.4d). This confirms that the chaotic flow actually achieves a random multiplicative

process for the length of material lines, where the current elongation ρ is the product of the uncorrelated
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elongation factors ρi accumulated over the sequence of uncorrelated stretching or compression events

(with typical duration τ) the line has gone through.

All these characterizations refers to the chaotic flow in the absence of blob. They are, of course, directly

useful to understand the stretching of an isoviscous blob, which does not change the flow, but they will

also be crucial to understand the evolution of the local ‘outer’ flow that a viscous blob experiences as it it

stirred in the chaotic setup.

a) b) c) d)
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FIGURE IV.4: Lagrangian stretching statistics. (a) Typical velocity field showing the pairs of advected particles (circles).
(b) Schematics of the refinement method allowing to resolve the stretching factor ρ of infinitely short segments, see
text. (c) Variance (circles) and mean (squares) of ln(ρ) versus strain. Solid line: linear fit of hln ρi defining the
Lyapounov exponent κ = hln ρi/hε̇it. Dashed line: linear fit of the variance. (d) Probability distribution function of

ln(ρ) (the color indicates the number n of cycles that have been completed).

IV.2.4 The reference isoviscous mixing case

As a reference case for the mixing of a more viscous blob, we consider, first, the mixing of a dyed iso-

viscous blob in the chaotic flow. We use the freezing and melting protocol to prepare a quasi-spherical

blob of size b0 = 0.85 mm, which we randomly position in the bath, and we select the stirring velocity

to obtain a fairly large Péclet number Pe = b2
0hε̇i/Ddye = 3.1 ⇥ 104. The typical evolution of the blob is

illustrated in figure IV.5a. As the rod stirs the bath, the blob is advected and stretched by the flow into a

longer and longer (thinner and thinner) lamella, which is eventually mixed with the bath by molecular

diffusion to yield a uniform mixture, as can be appreciated from the uniform dye concentration displayed

in the last panel.

Figures IV.5b-c present the evolution of the blob maximal width and of the maximal dye concentration

during the mixing process (they are obtained as the average value between the two thickest portion of the

lamella observed at each time, as illustrated in Fig. IV.5a.ii). On average, the blob is found to thin down

with a rate close to the isoviscous mean stretching rate κhε̇i, which is indicated with a black dashed line.

By contrast, the maximal concentration is found to remain fairly constant for a few tens of seconds until

it decays very rapidly when molecular diffusion actually homogenizes the concentration. The decay is

found to be close to the expected onset of mixing (indicated by a vertical line in Fig. IV.5b-c)

tM,iso ' ln(2κPe)

2κhε̇i ' 63 s , (IV.2)
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FIGURE IV.5: Reference case of an isoviscous blob. (a) Snapshots illustrating the typical evolution of the mixing process
in the isoviscous case (λ = 1, hε̇i ' 0.43 s�1, Pe = b2

0hε̇i/Ddye ' 3.1 ⇥ 104). Dashed rectangles: portions of the
blob where the maximal width and maximal concentration are measured. (b) Normalized blob width versus time.
(c) Normalized maximal concentration versus time. Symbols indicate the average over the 2 thickest portions of
the lamella. Solid red line: expectation based on the quantitative characterization of the flow (Eq. IV.3, the black
dashed line indicates the purely advective evolution b/b0 = e�κhε̇it). Dashed red line: expected mixing time tM,iso =

ln(2κPe)/(2κhε̇i).

which has been derived in the introduction (§I.2.3.c, Eq. I.26) for a mean-field lamella stretched with a

constant exponential rate κhε̇i. The complete mean-field solution for the evolution of b and Cmax (consid-

ering both advection and diffusion)

b

b0
=

p
1 + 2T
eκhε̇it ,

Cmax

C0
=

1p
1 + 2T

, with T =
e2κhε̇it � 1

2κPe
, (IV.3)

is also shown in figure IV.5b-c, where it is found to capture the evolution of the two quantities.

This agreement confirms that the mixing process for an isoviscous blob is typically well described by

the mean-field approximation of a lamella that is stretched with a constant rate equal to the Lyapounov

exponent κhε̇i.
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IV.3 Kinematics & mixing of a more viscous blob

We now consider the case when the blob is more viscous than the bath. Before varying the viscosity

contrast with the bath systematically, we will present observations for a large viscosity ratio (λ ⇠ 102),

which highlights the very different phenomenology by which mixing proceeds when the blob is highly

viscous. These observations will motivate a simple model for the deformation kinematics of the blob,

which will be legitimated against a more refined stochastic model and used to interpret the observed

dependence of the mixing time on the viscosity ratio and on the Péclet number.

IV.3.1 General observations

We start with an experiment at the largest viscosity ratio investigated λ = 124, for the same stirring

velocity as in the isoviscous case presented above (the mean strain rate is hε̇i ' 0.43 s�1). The typical

phenomenology of deformation and mixing of the blob is illustrated in figure IV.6a. The first obvious

difference with the isoviscous case is that the mixing of the more viscous blob is largely delayed. Whereas

the isoviscous blob has been dramatically stretched and is almost entirely mixed within 3 min (panel iv

in Fig. IV.5a), the more viscous blob has not stretched much and is still far from being mixed after more

than 10 min of stirring (panel iii in Fig. IV.6a). However, at longer times the evolution of the blob seems

to be much faster: only 4 min later (panel v) the blob has dramatically stretched and is almost entirely

mixed. This suggests that the deformation kinematics for the more viscous blob is not only quantitatively

different from the isoviscous case, but also qualitatively different.

To precise the above observations, we report in figure IV.6b the evolution of the maximal width b of

the blob versus time. For comparison, we also indicate the effective thinning kinematics for the isoviscous
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FIGURE IV.6: Phenomenology of the mixing for an highly viscous blob. (a) Snapshots illustrating the typical evolution of
the mixing process for λ = 124 (same stirring rate as in the isoviscous case (Fig. IV.5): hε̇i ' 0.43 s�1, Pe = b2

0hε̇i/Dη =

1.7 ⇥ 103). Inserts: close-up view of the blob. (b) Normalized blob width versus time. Symbols: measurements. The
red circle indicates the onset of the acceleration between the initial slow-stretching transient, when the blob stretches
much slower than an isoviscous liquid, and the late fast stretching, when the isoviscous stretching rate is recovered.
Red lines: isoviscous stretching kinematics (solid) and isoviscous mixing time (dashed). Solid line: exponential fit

over the slow-stretching transient defining κeff.
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case, b/b0 = e�κhε̇it, and the isovisous mixing time, tM,iso. The measurements confirm the qualitatively

different kinematics. By contrast with the isoviscous case, where the blob is stretched with a close to

constant and fast effective rate, the more viscous blob is found to experience successively two highly dif-

ferent stretching kinematics:

• First, an initial slow-stretching transient (panels i to iii), when the blob thins only very little and with

an effective rate κeffhε̇i much lower than the isoviscous blob (in the present case κeffhε̇i ' 1.2⇥ 10�3,

whereas κhε̇i ' 0.07). Over this initial transient, which lasts much longer than the isoviscous mix-

ing time tM,iso (over 600 s in the present case, versus tM,iso ⇠ 60 s), no significant mixing of the blob

is observed.

• Second, a subsequent fast stretching (panels iv to v), when the thinning of the blob accelerates dra-

matically towards rates much closer to the isoviscous rate κhε̇i. In this last stage, the blob stretches

very significantly, which rapidly achieves a complete mixing with the bath.

As illustrated in figure IV.7a, this two-phase kinematics is robustly observed when the experiment is

repeated. The blob systematically experiences a slow stretching initial transient and a fast stretching late

stage. Moreover, in spite of the slightly different initial conditions and the slightly different history of

stretching of each blob, which are inherent to the chaotic flow, the initial effective thinning rate, κeffhε̇i,
and the time tacc and blob width bacc, at the onset of the fast stretching, are found to keep similar values

between the different repetitions of the experiment.

IV.3.2 Influence of the viscosity ratio

The two-phase kinematics is also observed for a lower viscosity ratio. Figure IV.7b presents the thinning

kinematics measured for blobs with λ = 8, 20, 50 and 124. The distinction between a slow early transient

and a much faster thinning at large times is observed systematically. However, the onset time of the fast

stretching tacc is significantly reduced as λ is decreased, whereas the blob width bacc at this onset time is

found to be changed much less, which suggests than the initial thinning rate decreases significantly with

decreasing λ.

These trends can be made quantitative by extracting systematically the effective thinning rate, κeffhε̇i,
as well as the time, tacc, and maximal width of the blob, bacc, at the onset of the fast stretching. The

measurements are reported in figure IV.8. The effective thinning rate is indeed decreasing with increasing

value of λ, down to typically a hundredth of the isoviscous rate at λ = 124. The blob width at the onset of

the acceleration bacc/b0 is not varying much with λ, remaining between approximately 0.7 and 0.8 over

a) b)
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FIGURE IV.7: Stretching kinematics of a viscous blob. (a) Normalized blob width b/b0 versus time for three different
realization of the experiment (λ = 124, hε̇i ' 0.43 s�1, each run has a different symbol shape). The red symbols
indicate the onset of the acceleration defining tacc and bacc. (b) Evolution of the blob width for different viscosity

ratio λ. Symbols represent the geometric mean over 2 runs (λ = 8), 3 runs (λ = 20 and 124), or 5 runs (λ = 50).
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a) b) c)

FIGURE IV.8: Initial thinning rate and onset of the fast stretching. (a) Thinning rate of the blob in the slow-stretching
transient versus viscosity ratio λ (the value κeffhε̇i is normalized by the isoviscous thinning rate κhε̇i, Pe = 1.7 ⇥ 103,
hε̇i ' 0.43 s�1). (b) Blob width at the onset of the fast stretching versus λ. (c) Onset time of the fast stretching versus

λ. Errorbars: standard deviation over realizations.

the range investigated. Last, the onset time of the acceleration increases significantly with the viscosity

ratio, from hε̇itacc ⇡ 6 at λ = 8 to hε̇itacc ⇡ 120 at λ = 124.

The observations detailed above indicate that the eventual mixing of the blob is strongly delayed

when the blob viscosity is increased, and that the delay is directly related with the initial slow-stretching

transient, during which the blob does not mix significantly with the bath. This means, first, that to un-

derstand the actual mixing time, the slow-stretching transient and its duration have to be understood.

Second, this suggests that the slow-stretching transient is actually an intrinsically kinematic transient,

which is not set by the diffusion between the blob and the bath (in the limit when the Péclet number is

large enough). The next step is, therefore, to model the slow-stretching transient and to understand its

dependence on the viscosity ratio.

IV.3.3 Model of the slow-stretching initial transient (large Pe limit)

To describe the slow initial transient we need to model the deformation kinematics of a viscous blob

(λ > 1) in the chaotic flow in the limit when the Péclet number is very large. This kinematics depends

on the characteristics of the flow, and it is stochastic by essence, since the flow is chaotic. Of course, it

also depends on both the viscosity and the current shape of the blob, which determine, together, how

and how fast the blob is deformed by the current velocity field in the bath. The exact kinematics depends

subtly on the coupling between these two aspects (variability of the flow and deformation response of

the blob). However, it turns out that if the stirring flow around the blob is considered as a (random)

sequence of arbitrary linear two-dimensional flows, the two aspects decouple. Indeed, in this case, the

blob always evolves through the exact same family of shapes, which is the same it would experience in a

steady extensional flow, whereas the details of the flow history only determines how fast and how much

‘back and forth’ the blob evolves through the family of shapes.

This observation allows a tremendous simplification of the modeling and it indicates that the reference

case of the stretching in a steady extensional flow should be analyzed first. Once this reference kinematics

is understood, we will see that a simple heuristic model capturing most trends of the kinematics can be

easily established. We will then present a more involved stochastic model, which supports the simple

heuristic argument and precises the dependence on the flow characteristics in the limit of sufficiently

short correlation times and sufficiently large viscosity of the blob.

IV.3.3.a Large Pe kinematics in a steady extensional flow

We consider, for now, the deformation of an initially spherical viscous blob (λ > 1) in a steady extensional

flow with strain rate ε̇. The kinematics is set by the exact same viscous formalism as used in §III.2.2.



IV.3. Kinematics & mixing of a more viscous blob 97

10

0 15 30 45
0.2

0.5

2

1

5

1010 1010
0 1 2 3

10

10

10

0

1

2

a) b)

steady 

extensional flow

c)

1

0 50 100

10

10

40

-40

10
-20

1

FIGURE IV.9: The stretching kinematics of a viscous blob in a steady extensional flow gives the key to the fast stretching onset
in a chaotic flow. (a-b) Time evolution of the three dimensions of the blob for a viscosity ratio λ = 100. Thick lines:
numerical integration of Eq. IV.4. Thin lines: initial stretching rate given by the limit case of a sphere (Eq. IV.4). (c)

Onset time of the stretching acceleration as a function of the viscosity ratio. The solid line is Eq. IV.6.

Starting from the equations for the simple shear case, those for the extensional case are obtained by

replacing the strain rate γ̇/2 by ε̇, the rotation rate γ̇/2 by 0, and by realizing that the blob is initially

aligned with the extensional direction (since it is a sphere) and, therefore, remains aligned at all times.

This yields:

ȧ

a
= A

⇣ a

b
,

b

c
, λ
⌘

ε̇ ,
ḃ

b
= �B

⇣ a

b
,

b

c
, λ
⌘

ε̇ ,
ċ

b
= � ȧ

a
� ḃ

b
, (IV.4)

with A and B the functions already defined in Eq. III.5. In the isoviscous case one has A = B = 1 and the

blob width follows b/b0 = e�ε̇t. This is also the behavior recovered for a viscous blob which is sufficiently

slender (A,B
⇣

a
b , b

c , λ
⌘

������!
a/b,b/c�1

1), which means that a viscous blob will eventually thins down with the

isoviscous rate ε̇ at long time.

However, for a viscous blob (λ > 1) the initial evolution is much slower. As long as the blob shape is

close to spherical, the deformation rate remains close to the limit for a sphere A = B = Λ
�1 derived by

Taylor [87], which means that the blob width initially follows:

b

b0
' e�

1
Λ

ε̇t , with Λ = 1 +
2
5
(λ � 1) , for t . tacc,steady . (IV.5)

This initial thinning rate is typically slower than the long term rate by a factor Λ, which scales with

the viscosity ratio λ for large values of λ. This low rate persists until the blob shape has significantly

deviated from a sphere, which occurs after a typical time tacc,steady ⇠ Λε̇�1, which defines the onset of the

acceleration to the long time (isoviscous) rate.

A more precise estimate of tacc,steady can be obtained by numerically integrating the system IV.4. The

evolution of the blob dimensions a, b, c is represented in figure IV.9a, for a viscosity ratio λ = 100. The

onset time tacc,steady is obtained from the time shift of the long time stretching stage (see Fig. IV.9b). Figure

IV.9c presents the evolution of tacc,steady with λ, which is found to be very close to

tacc,steady ' 1
ε̇

λ � 1
3

. (IV.6)
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At this time the blob width is found to be close to

bacc,steady ⇡ e�1. (IV.7)

IV.3.3.b Heuristic model of the large Pe kinematics in a chaotic flow

From the above understanding of the deformation kinematics in a steady extensional flow, we can pro-

pose a simple heuristic model for the initial slow transient stage in a chaotic flow.

The model is based on the idea that for a given local flow in the bath, a viscous blob thins down

slower than an isoviscous blob by a certain factor B(λ, a
b , b

c ) (see Eq. IV.4), which only depends on the

viscosity and the current aspect ratios of the blob. This is true, not only for a steady extensional flow, but

for all linear flows. So, by seeing our chaotic flow as a random sequence of linear flows (with a certain

persistence time), we can expect that the effective thinning rate of a viscous blob in the chaotic flow,

κeffhε̇i, is related to the thinning rate for an isoviscous blob in the same flow, κhε̇i, through a factor which

is also close to B(λ, a
b , b

c ). From the picture of the kinematics in the extensional flow given by Eqs. IV.5 to

IV.7, this implies that the blob in the chaotic flow will initially thins down as

b

b0
⇡ e�κeffhε̇it , with κeff =

κ

Λ
⇠ 5

2
κ

λ
, (IV.8)

until the blob width has typically decreased to

bacc ⇡ e�1 , (IV.9)

at a time close to

tacc ⇡
1

κhε̇i
λ � 1

3
, (IV.10)

which defines the onset of the fast stretching.

Before justifying better this heuristic model and discussing some of its limitations in the next section, it

is worth comparing it to the experimental observations. Figure IV.10 compares the predictions of Eqs. IV.8-

IV.10 to the set of data obtained for the different viscosity ratios (λ = 8, 20, 50 and 124). As shown

in panels (a) and (b), the model captures well the initial thinning rate of the blob and in particular its

strong decrease when λ is increased, although the observed thinning rate seems to be slightly lower than

predicted for very large values of λ. The model is also consistent with the experimental observation that

the blob width at the onset of the stretching acceleration does not vary much with λ (Fig. IV.10c). Last,

the model recovers both the magnitude of the onset time of the fast stretching, and its large dependence

on the blob viscosity (Fig. IV.10d).

IV.3.3.c A more refined stochastic model of the large Pe kinematics in a chaotic flow

To legitimate the heuristic model, discuss its limitations, but also explicit the dependence to the charac-

teristics of the flow, we present now a more refined model of the blob kinematics in a chaotic flow, which

resolves the stochastic nature of the process.

The idea of the model is to consider that as the viscous blob is advected by and through the chaotic

flow, it experiences rapidly changing flow conditions (see Fig. IV.11). In the close neighborhood of the

blob, these changing flow conditions can be considered as a continuous and randomly varying succession

of linear flows, with statistics given by the statistics of the chaotic flow. For the sake of keeping the

discussion simple without losing generality, we model these continuous change as sketched in figure
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IV.11b, i.e., as a sequence of short random linear flow periods, with a fixed duration τ, no correlation

between successive periods, and full correlation within each of them. For each period i the strain rate in

the bath, ε̇i, the rotation rate in the bath, ωi, and initial orientation of the strain direction, ϕi, are randomly

sorted from the model distribution of ε̇, ω and θ obtained from the isoviscous flow characterization (see

Fig. IV.11c). This implies that during each period the blob deformation and orientation evolves through
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ḃ

b
= �B

⇣ a

b
,

b

c
, λ
⌘

cos 2ϕ ε̇i ,

ċ
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⌘
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(IV.11)

which generalizes the system for a purely extensional flow to the arbitrary linear flow set by ε̇i, ωi and

the evolving orientation of the blob relative to the main strain direction ϕ.

The system IV.11 couples non trivially, the blob viscosity (λ), the current flow (ε̇i, ωi), with its vari-

ability (pdf(ε̇i), pdf(ωi)) and its persistence time (τ), as well as the current shape and orientation of the

blob (a/b, b/c, ϕ). Yet, in the limit we are interested in, where the correlation strain scale of the blob

⇠ ε̇τ/λ is small, the problem becomes much simpler. By averaging over the statistics of ε̇i and ωi, the

initial orientations of the blob ϕi, and over the duration τ of each period, the system IV.11 can be recasted

at first order into the following mean field evolution equations (see derivation in Appendix A)

1
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b
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⌘

,
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b
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b
,

b

c
, λ
⌘

, (IV.12)

which are exactly analog to those for a viscous blob in an extensional flow, except for the rate of evolution,

which is set by the following relation between the real time t and the warped time T

∂t

∂T
=

2
hε̇2iτ

1

F
�

a
b , b

c , λ
� . (IV.13)
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FIGURE IV.10: Comparison between model and experiments. (a) Normalized blob width versus time for λ = 8 and 124.
(b) Initial thinning rate versus λ. (c,d) Blob width and time at the onset of the fast stretching versus λ. Symbols:
measurements (same data as in Figs. IV.7 and IV.8). Orange dashed lines: heuristic model (Eqs. IV.8, IV.9 and IV.10).

Black dashed lines: refined stochastic model (Eqs. IV.15 and IV.16).
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The interest of Eqs. IV.12 and IV.13 is twofold. First, it stresses the separate influence of the slow-stretching

transient obtained for a steady flow (given by IV.12) and of the additional slow down of the stretching

due to the back and forth deformation imposed by the chaotic flow (given by IV.12, which also depends

on the viscosity through the rate of re-alignement of the blob with the flow). Second, it makes an explicit

link with the (isoviscous) Lyapounov exponent of the flow, which can be shown to be (see Appendix A)

κ =
1
2
hε̇2iτ
hε̇i . (IV.14)

This relation is important because it provides additional predictive dependence to the characteristics of

the chaotic flow.

Last, first order developments of Eqs. IV.12 and IV.13 valid for the case of large viscosity ratio (see Ap-

pendix A), show that the initial effective thinning rate is not exactly κeff = κ/Λ, as supposed heuristically,

but is in fact closer to

κeff '
2κ

Λ3/2 ' 53/2

23/2
hε̇2iτ
hε̇i λ�3/2 , (IV.15)

because of the subtle coupling between the shearing and reorientation of the blob (the F term in Eq. IV.13).

This refined expression for κeff is compared to the data in figure IV.10b, where it is found to fit the data

better. However, the numerical resolution of Eqs. IV.12 and IV.13 (which is also validated against brute

force simulations of the exact system IV.11 on a large number of random history and without assuming

a short correlation time, see Appendix A) confirms that the onset time of the fast stretching, given by the

following expression

tacc '
⇣

1 +
3 ln Λ

4
10

⌘ λ � 1
3κhε̇i ' 1

3
1

hε̇2iτ λ , (IV.16)

is essentially equal to the expression obtained from the heuristic model (the logarithmic correction being

very small in practice over the range of viscosity ratio investigated, see comparison in Fig. IV.10d).

PERIOD 1 PERIOD i

time

PERIOD 1

PERIOD i

a) b)

c)

FIGURE IV.11: Modeling of the chaotic flow in the bath by a random sequence of linear flows. (a) Schematics of the blob
advection by and through the chaotic flow. (b) The flow experienced by the blob is modeled as a sequence of random
linear flow periods, with a fixed duration τ, no correlation between successive periods, and full correlation within
each of them. (c) For each period i the strain rate in the bath, ε̇i, the rotation rate in the bath, ωi, and initial orientation
of the strain direction, ϕi, are randomly sorted from the model distribution (dashed lines) of ε̇, ω and ϕ obtained

from the isoviscous flow characterization (see §IV.2).
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IV.4 Dependence on Pe & mixing time of the blob

So far, we have focussed much of the discussion on the blob deformation, for a fixed and large Péclet

number Pe = 1.7 ⇥ 103, and in particular on the initial slow-stretching transient observed for high vis-

cosity ratios. But, of course, this specific two-phase kinematics has a direct consequence on the eventual

mixing of the blob, and it may also be expected to be influenced, to some extent, by the mixing process

itself.

IV.4.1 Dependence of the kinematics on Pe

To investigate these effects, we perform additional experiments where we vary systematically the Péclet

number Pe between ' 1.7 ⇥ 102 and ' 8.4 ⇥ 103, by varying the stirring rate (hε̇i varied between 0.04 s�1

and 2.2 s�1), in the case when the viscosity ratio is large (λ = 124). Importantly, this variation is achieved

with the exact same stirring protocol and keeping a low Reynolds number (see §IV.2), which means that

the chaotic flow preserves the exact same features (in particular the value of κ), while all rates are simply

scaled proportionally with Pe ∝ hε̇i.
The evolution of the thinning of the blob for the different values of Pe is presented in figure IV.12a.

It confirms that the two-phase kinematics, with an initial slow-stretching transient followed by a sharp

acceleration toward the late fast stretching, is observed for all Péclet numbers. To characterize the slow-

stretching transient, we report in panel (b) the initial effective thinning rate κeffhε̇i relative to the isovis-

cous rate κhε̇i. We see that the ratio κeff/κ is not exactly constant, but actually accelerates, relative to the

large Péclet number prediction (dashed line), for the smallest value of Pe. This suggests that small diffu-

sive effects, which tend to decrease the viscosity in the blob, accelerates the stretching of the blob relative

to the large Pe case.

a) b)

c) d)
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FIGURE IV.12: Comparison between model and experiments for different Péclet number (λ = 124). (a) Normalized blob
width versus time. (b) Initial thinning rate versus Pe. (c,d) Blob width and time at the onset of the fast stretching
versus Pe. Symbols: measurements (geometric mean between the runs, errorbars indicate the standard deviation).

Blue dashed lines: refined stochastic model (Eqs. IV.15, IV.9 and IV.16).
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Consistently, figure IV.12d shows that the onset time of the fast stretching tacc is systematically short-

ened relative to the large Péclet limit tacc ' λ
3κhε̇i (blue dashed line), whereas the value of bacc is not found

to vary much with Pe (Fig. IV.12c).

IV.4.2 Mixing time of the blob

The set of observations and characterizations presented above stress crucial points about the kinematics of

the blob. The viscosity contrast between the blob and the bath is responsible for a delay before the chaotic

stirring flow achieves a significant and very rapid thinning of the blob at a rate close to the isoviscous

rate κhε̇i. The more viscous the blob, the larger the delay (tacc ⇠ λ/κhε̇i) and the sharper the transition

to the fast stretching. This means that, in the limit when the Péclet number is large enough so that the

initial slow-stretching transient is not significantly influenced by Pe, one expects that the mixing time of

the blob follows

tM ⇡ tacc + tM,iso ' λ � 1
3κhε̇i +

ln(2κPe)

2κhε̇i , for Pe � Pec , (IV.17)

because the stretch before tacc is negligible at large Pe. The expression for Pec will be given below. Impor-

tantly, for a chaotic flow tM,iso = ln(2κPe)
2κhε̇i is only a few times the characteristic time scale (κhε̇i)�1, even

at fairly large Péclet numbers, because of the exponential stretching of material lines. Therefore, even for

moderate viscosity ratio (λ & ln κPe) the delay tacc is in practice much longer that tM,iso, which implies

tM ⇡ tacc '
λ � 1
3κhε̇i , for Pe � Pec , and λ &

3
2

ln(2κPe) . (IV.18)

Crucially, in this limit, which we call delayed stretching regime of mixing, the mixing time is virtually in-

dependent of the diffusivity D, because the later only changes the duration of the very short terminal

mixing time (tM,iso).

As specified above, the limit of equation IV.18 is expected to be valid only if there is no significant

effects of diffusion during the slow-stretching transient, otherwise the viscosity in the blob is decreased

before tacc and the delay tacc is decreased relative to the large Péclet limit (as observed in practice for the

smallest Péclet numbers investigated experimentally, see §IV.4.1). The transition between the two regimes

of mixing is expected to occur typically when the large Péclet limit of tacc compares with the mixing time

of an essentially unstretched blob in the flow tM,unstretched. Assuming, as a crude estimate, that this latter

time is similar to the mixing time of a rolling blob in a simple shear flow, the transition is expected for

tM,unstretched ' b2
0

9D
⇡ tacc '

λ � 1
3κhε̇i ,

which give the critical Péclet number between the two regimes

Pec ⇡
3(λ � 1)

κ
, (IV.19)

below which the mixing time is expected to follow the mixing time for an hardly stretched blob

tM ⇡ tM,unstretched ⇡ b2
0

9D
, for Pe ⌧ Pec . (IV.20)

We call, this latter regime unstretched regime of mixing.

These two regimes of mixing are compared to all the experiments performed with the chaotic flow.

Figure IV.13 reports the onset of the fast stretching tacc, which is always a good proxy for the actual mixing
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time for the range of viscosity ratios and Péclet numbers considered here (λ & 3
2 ln(2κPe)). The value of

tacc is non-dimensionalized by b2
0/D, with D = Dη the diffusivity of the viscosity field, which is relevant

in the present case where the mixing of the blob is slaved to the evolution of the viscosity field. In these

scales, the large Pe limit (Pe � Pec, Eq. IV.18) shows as Dtacc/b2
0 ∝ λ/Pe (dashed colored lines). The low

Pe limit (Pe ⌧ Pec, Eq. IV.19) shows as a unique horizontal line (dashed grey). At large Péclet number

(Pe ⇠ 104, λ = 124), tacc is found to be close to the large Pe limit. At lower Péclet numbers (Pe . 103,

λ = 124), it is found to deviate from the Pe�1 line, and get close to the 1
9 of the low Pe limit. Last, as

already discussed above, the measurements for the different λ at rather large Pe are found to follow the

tM ∝ λ trend predicted by the large Pe limit. This indicates that the simple two-limit model based on

the detailed study of the kinematics (Eqs. IV.18-IV.19) captures both the magnitude and the trends of the

observed mixing time with λ and Pe.
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Unstretched
regime

Delayed stretching
regime

FIGURE IV.13: Global map of the dependence of the mixing time on λ and Pe. Symbols: measurements (geometric mean
between the runs, errorbars indicate the standard deviation). Dashed colored lines: prediction for the delayed stretch-
ing regime of mixing expected in the limit of large Péclet (Pe � Pec, Eq. IV.18), when the mixing time is limited by the
long delay tacc before the blob stretches fast. Horizontal solid line: unstretched regime of mixing expected in the limit

of low Pe (Pe ⌧ Pec, Eq. IV.19), when mixing occurs before the blob has significantly stretched.
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IV.5 Conclusion

In the present chapter, we have extended our investigations to the case of a chaotic two-dimensional lam-

inar stirring, where the flow in the bath is varying essentially randomly in space and time around the

blob. We have presented experimental and theoretical results for the kinematics and the mixing of the

blob, for a wide range of viscosity ratios λ 2 [1 - 124] and Péclet numbers Pe 2 [102 - 104].

We have seen that the phenomenology by which the blob mixes in such a chaotic flow is very different

from that in a simple shear. In the chaotic flow, all blobs stretch and thin down, even those which are

highly viscous. However, they stretch at a rate which depends strongly on the viscosity ratio with the bath

and on how much the blob has already been stretched. Another crucial difference with the simple shear

case, is that this stretching history is not deterministic anymore. It is by essence stochastic, with statistics

set by those of the chaotic stirring flow, in particular, the mean stretching rate hε̇i and the Lyapounov

coefficient κ expressing the long term thinning of an isoviscous blob (biso/b0 ! e�κhε̇it).

On short times, when it is close to spherical, a more viscous blob thins down slower than an isoviscous

one (�ḃ/b ⇠ κhε̇i/λ3/2). However, on longer times, when they are slender both blob stretch like the

background chaotic flow (�ḃ/b ! κhε̇i). In practice for a highly viscous blob, after a large delay needed

to stretch the blob significantly (tacc ⇠ λ/κhε̇i), the blob is stretched very rapidly and mixed close to

immediately by the chaotic flow. In this case, called delayed stretching mixing regime in figure IV.13, the

blob is expected to be mixed in a time tM ⇠ λ/κhε̇i, which is purely set by the stirring intensity and

the blob viscosity, with virtually no dependence on the diffusivity! This scaling in hε̇i�1 is remarkable

because it is the strongest possible dependence on the stirring intensity. It is also remarkable because it is

at odd with the scaling tM ⇠ b2
0/D observed in the previous chapter for a simple shear (in the same limit

of a large viscosity ratio and very large Péclet number), which has the lowest possible dependence γ̇0 on

the stirring intensity!

The tM ∝ hε̇i�1 scaling in a chaotic flow is only expected above a critical Péclet number (Pec ⇠ λ/κ),

otherwise the blob mixes before it has hardly stretched, in a time tM ⇠ b2
0/D (called unstretched regime of

mixing in figure IV.13. There is actually also an expected upper bound to the Péclet number for the scaling

tM ∝ hε̇i�1. But, this upper bound (ln κPe ⇠ λ), set by the condition that the delay tacc is much longer

than the isoviscous mixing time, scales exponentially with the viscosity ratio λ, and is presumably not a

concern in practice, for large λ.

This picture has been found to agree in magnitude, in trends and without fitting parameter, with the

experiments, both for the dependence on the viscosity ratio and for the dependence on the Péclet number

at large λ. It is rooted on an extension of the exact description of the non-diffusive kinematics introduced

in the previous chapter to the case of a model chaotic flow. In particular, a stochastic approach of the

problem has provided a powerful mean field description for the evolution of the average stretching over

a large number of realizations. This has allowed us to relate the Lyapounov coefficient κ with the typ-

ical correlation strain scale of the chaotic flow hε̇iτ, and therefore, to offer a prediction on how all the

kinematics and the mixing regimes summarized above should depend on this correlation scale when it is

small.

What needs to be further explored. As mentioned above, the stretching history of the blob is stochastic

by essence. We have only documented the average evolution of the blob, which is close to sufficient when

the correlation strain of the blob ⇠ hε̇iτ/λ is small and mixing only occurs after a very large number of

correlation times (tM � τ). However, when the correlation strain of the blob is large, mixing should

proceed within a few correlation times (tM ⇠ τ) and vary strongly from one realization to the other. In

this case, documenting the variability would be interesting (though experimentally challenging) because

it would bridge the gap between the picture of a steady flow described in the previous chapter and the
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picture of a short correlation chaotic flow, described in this chapter. Last, the model chaotic flow we have

considered is a laminar chaotic flow, in which the flow is not only changing rapidly in time but also slowly

in space. It would therefore be particularly relevant to extend this study to the case when the smallest

flow structures are smaller than the blob itself.

The detailed summary and the few perspectives given above are specific to this chapter on mixing in

a chaotic flow. It is a step toward the global conclusion of this thesis that we will give in the next chapter.





Chapter V

Conclusion

We now reach the conclusion of this thesis. The goal was to investigate how two miscible liquids mix

when their viscosities are unequal. We have chosen to study a single viscous and miscible heterogeneity,

of spherical initial shape, mixed either by a simple shear or in a chaotic laminar flow, at low Reynolds and

high Péclet numbers. Experiments have been conducted on three experimental setups; two for the two

different types of flow, and one, without flow, to quantify the interdiffusion between liquids of different

viscosity. A summary of the main results is presented in figure V.1, which highlights the different regimes

of mixing identified for the two flows, specifying for each of them, the blob thinning kinematics, without

diffusion (Pe = ∞) and with diffusion (finite Pe), the predicted mixing time and the relevant diffusion

coefficient for the mixing of the dye.

Overall, the simple shear study has documented the remarkable stretching-to-rolling transition, when

the viscosity ratio is increased above a critical value λc ' 3.975. Below this critical ratio, the blob stretches

into a lamella, similarly to the isoviscous case. At large Péclet, mixing therefore occurs when the lamella

is so thin that its thinning rate is not depending on the viscosity field anymore. This has allowed us to

capture all details of the mixing process, by using the Ranz formalism with the stretch shift factor β(λ)

(see expression in Fig. V.1 caption), which embeds the short time overstretching (λ < 1) or substretching

(λ > 1) of the blob relative to the isoviscous case. In this case, the blob mixing time follows tM ⇠
(β2Pe)1/3γ̇�1. For larger blob viscosities (λ & λc), the mixing process is different. The blob motion

converges to a quasi-steady rolling-like motion, which involves a recirculating region in the surrounding

bath liquid, across which the mass transport to the far-field bath is essentially diffusive. This flow leads to

a slow ‘dissolution-like’ process, with the somehow counterintuitive consequence that the mixing time,

tM ⇠ b2
0/D, no longer depends on the stirring rate! In practice, this high viscosity ratio limit is found

to persist down to viscosity ratios, λ ⇠ 5, which are very close to the critical value λc, indicating that

the transition between the stretching and rolling regimes of mixing is very sharp. All these trends are

supported by robust observations and a detailed modeling, which has been validated, without fitting

parameters, against experiments covering wide ranges of viscosity ratios and Péclet numbers.

The picture in a chaotic laminar flow is very different. All blobs eventually stretch, whatever their

viscosity, and once they have reached a significant aspect ratio (a/b & 1), they all do so with essentially

the same rate, which is the isoviscous stretching rate κhε̇i, also called Lyapounov exponent of the flow.

However, the time to reach such an aspect ratio, depends strongly on the viscosity ratio. The larger λ,

the slower the initial stretching and, therefore, the longer the delay ⇠ λ/κhε̇i before the blob is rapidly

stretched by the flow. In practice, for fairly viscous blobs (λ & ln κPe), the late stretching is so much faster

than the initial one, that it mixes the blob completely within a time ⇠ ln(κPe)/κhε̇i much shorter than

the initial delay. In this limit, the mixing time is expected to be set by the initial delay ⇠ λ/κhε̇i, which

increases linearly with λ and is independent of diffusivity! This purely kinematic prediction provides a

reasonable upper bound for the mixing times measured at large Péclet numbers (Pe & Pec ⇠ λ/κ). At

lower Péclet numbers (Pe . Pec), the blob is expected to start mixing during the slow initial stretching,

which decreases its viscosity and shortens the delay before the blob is rapidly stretched. This means the
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FIGURE V.1: Summary of the results. Evolution of the blob width b/b0, mixing time of the dye tM, and typical ob-
servation, for the different regimes of mixing documented in a simple shear flow and a chaotic laminar flow, as a
function of the two parameters of the problem: the viscosity ratio between the blob and the bath λ, and the Pé-
clet number of the flow Pe. The other quantities are the critical viscosity ratio λc ' 3.975, the stretch-shift factor
β(λ) ' 1 + (λ � 1)(1 � β0 � 0.1λ + 0.16λ2), for 0  λ  3, with β0 ' 0.431, the critical Péclet number between the

’delayed stretching’ and ’unstretched’ mixing regimes Pec ⇡ 3(λ�1)
κ , the dimensionless Lyapounov coefficient of the

isoviscous flow κ, and the diffusivities of the dye Ddye and of the viscosity field Dη .

mixing time is equally shortened, and should asymptotically reach an upper bound ⇠ b2
0/D, which is

also found to be consistent, quantitatively, with measurements.

The above results deserve further comments.

On the type of flow and the mixing mechanisms: A first striking point is that mixing highhly viscous

blobs in a simple shear or in a chaotic laminar flow involves very different mechanisms, with opposite

consequences. In a shear flow, the mixing time tM ⇠ b2
0/D is only set by diffusion, with no dependence

on the stirring rate, whereas in a chaotic laminar flow it follows tM ⇠ λ/κhε̇i, which is fully set by the

flow speed and virtually independent of diffusivity. These trends are not only opposite but extreme (it is

difficult to imagine dependences of tM larger than hε̇i�1 and D�1, or smaller than γ̇0 and D0). Nonethe-

less, they naturally emerge from the presence of a quasi-steady recirculating flow, in one case, and from

the steep dependence of the creep of a viscous blob on its shape, for the other case.
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On the two mixing problems in the mixing problem: It is crucial to realize that we have not monitored

directly the homogenization of the viscosity field by the flow. We have tracked the homogenization of a

dye, which diffusion is in practice only weakly correlated to that of the viscosity field (for the reasons,

discussed in detail in Chapter II, related to how much dye we can put in each of the two liquids). Con-

sistently, the mixing times tM reported in figure V.1 are those for the dye concentration field. They depend

on the dye diffusivity, Ddye, only when mixing occurs after a significant stretching of the blob (‘stretch-

ing‘ regime in the shear flow and ‘isoviscous-like stretching’ in the chaotic flow). In this case, all mixing

problems are independent, and the mixing time for the viscosity field (which we have not monitored)

should also be set by its own diffusivity (Dη). The situation is different when mixing occurs before the

blob has significantly stretched (‘rolling’ regime), or while it does so (‘unstretched’ regimes). In that case,

the kinematics remain determined at all time by the viscosity field. Therefore, in the present study where

the dye effectively diffuses slower than the viscosity field (Ddye ⌧ Dη), the mixing time of the dye, is set

by the diffusivity of the viscosity Dη , because the latter controls when the blob will be stretched fast and

mixed almost instantaneously.

More generally, this key remark stresses that two different questions can actually be addressed: how

does the viscosity field mix? and how does another scalar initially segregated in one of the two liquids

mix? Though the diffusion of the viscosity field and of the scalar can be partly correlated in some cases

(like in our study where the dye is bound to some of the polymers), this is not necessarily true. For in-

stance, if the viscosity contrast is due, not to a difference in composition, but to a difference in temperature

in a bath with a strong temperature dependence of viscosity, viscosity diffuses as fast as heat (Dη = DT ⇠
10�7 m2/s), i.e., orders of magnitude faster than molecules of dye (Dscalar = Dη ⇠ 10�11 m2/s or much

less in some cases). The opposite situation is also possible. For viscosity contrasts due to a difference

in composition and a negligible dependence of viscosity on temperature, the diffusivity of the viscosity

field (Dη ⇠ 10�10 m2/s, or less), which follows, for instance, that of some polymers, would be much

smaller than that of the scalar, i.e., heat (Dscalar = DT ⇠ 10�7 m2/s). The first situation (Dscalar ⌧ Dη)

corresponds to the one we have experimentally faced, and the mixing times of both the viscosity and the

scalar have been discussed in the previous paragraph. In the latter case (Dscalar � Dη), one would expect

the same scalings in all the regimes of mixing reported in figure V.1, except that the relevant diffusivity

should be the (fast) scalar diffusivity D = Dscalar in all cases, because even if the blob keeps rolling, for

instance, the scalar will have homogenized before the viscosity.

On diffusion and the feedback on advection: At the beginning of this thesis, two major specificities

have been anticipated, regarding the mixing of viscosity heterogeneities relative to the standard isovis-

cous case. The first one was that a non-uniform viscosity could induce a spatial variation of the diffusion

coefficient. The second was that diffusion, by changing the fluid viscosity, could retroact on the flow kine-

matics. Interestingly, in practice, the experimental observations are well explained by models considering

a constant diffusivity. This is related to the fact that for solutions of long chain polymers, the diffusivity

is not inversely proportional to the viscosity, but is driven by the mobility of the water molecules, which

does not depend too strongly on the mass fraction of polymers within the range we have used.

As for the feedback of diffusion on advection, this point relates to the two mixing problems discussed

above. There is no feedback anytime the mixing of the viscosity field occurs after the blob has signifi-

cantly stretched (Stretching, Isoviscous-like stretching and Delayed stretching regimes), because by that

time the blob is so slender that viscosity does not affect the flow anymore. There is a feedback in all other

situations. This is explicit in figure V.1, where the relevant diffusivity is Dη , only in these last situations.

On the generality and relevance to other flows: Some last comments about the general relevance of the

two flows we have studied. At first sight, the simple shear flow might seem a very specific flow and,

indeed, the fact that the transition to a rolling-like motion occurs at such a low viscosity ratio (λc ⇠ 4) is
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due to the large vorticity of this flow. However, from the Eshelby formalism we have used, we anticipate

that, except for a purely extensional flow (having no vorticity), a sufficiently viscous blob will undergo

a rolling motion in all steady linear flows. Theoretically, the critical viscosity ratio λc is simply shifted

towards larger values, as the vorticity of the flow is decreased, but the stretching to rolling transition

should persist as well as the tM ⇡ b2
0/D scaling (only the prefactor 1

9 should shift towards lower values).

As for chaotic flows, the experiments and rationalization we have provided concern flows for which

the correlated stretch of the blob is small. But this can actually be realized even when the correlation

strain scale of the chaotic flow itself ⇠ hε̇iτ is large, provided the blob is sufficiently viscous, such that its

own correlation strain scale ⇠ hε̇iτ/λ is small. Our experiments and models also concern laminar chaotic

flows, for which the flow is changing slowly in space, and it is possible that mixing follows a different

phenomenology when flow structures are smaller than the blob (see also below).

Future research

In the short term

We list below some experiments that we would like to perform in the short term, to further explore the

problem and strengthen certain of our conclusions.

• In the simple shear, we have clarified the stretching and rolling regimes. However, most of the fold-

ing regime has remained unexplored, in particular the destabilization of the substretched lamella,

the possibility of a cascade mechanism, and the size and mixing time of the formed sub-blobs.

• In the rolling regime, we would like to perform additional experiments with varied blob size, in

order to confirm the b2
0 dependance of the mixing time.

• Performing experiments with a tracer that is not biased by the yield effect, i.e., which efficiency does

not depend on the water concentration, would give access to the evolution of the viscosity field at

large viscosity ratio and reveal the details of the mixing inside the rolling blob.

On a longer term

We also propose two possible extensions to the present thesis.

Mixing viscous heterogeneities in turbulent flows: Our study has focused on low Reynolds number

flows. A natural extension would be to explore inertial flows, in particular highly inertial turbulent flows.

Preliminary observations have been made in collaboration with Gautier Verhille from IRPHÉ laboratory,

in Marseille. Highly viscous blobs have been injected in his ‘washing-machine’ generating a highly turbu-

lent isotropic flow [129]. Figure V.2 shows the typical phenomenology for two blobs with viscosity ratios

of λ = 103 (top) and λ = 40⇥ 103 (bottom). In both cases, the blob is eventually stretched and mixed, but

its ‘lifetime’ shows a strong dependence on the viscosity ratio. For the 40-fold increase in λ, the ‘lifetime’

is increased by a factor over 10, and for the large viscosity ratios considered, it is orders of magnitude

larger than the typically 10 ms long timescale of the flow (`T/
p

hu2i, see details in the caption).

The turbulent flow case is interesting, because it differs in several aspects from the situations investi-

gated in this thesis. First, it involves an additional dimensionless number, the Reynolds number. More-

over, turbulence involves a distribution of stirring scales. This means that some of the flow structures

can be smaller than the blob, which could lead to different mechanisms of mixing. We also note that our

protocol for controlling the blob initial shape is certainly suited for this case too.
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FIGURE V.2: Perspectives – Mixing viscosity heterogeneities in a turbulent flow. (a) Preliminary experiments with two
viscous blobs of different viscosity ratio λ in a highly turbulent flow. The experiments have been done with Gautier
Verhille, using his octaedron ‘washing machine’ device [129]. The blob size 2b0 ⇡ 3 mm is slightly larger than the
Taylor scale `T =

p

15ηhu2i/ε ⇡ 1.40 mm, with ε the rate of energy dissipation of the flow. The typical inverse shear
rate of the flow `T/

p

hu2i, at the Taylor scale, is of order 10 ms (the flow is close to isotropic, the Reynolds number
at the Taylor scale is ReT = ρ

p

hu2i`T/η ⇡ 470, the Kolmogorov lengthscale and timescale are (η3/ρ3ε)1/4 ⇡ 30 µm
and

p

η/ρε ⇡ 1 ms, respectively). (b) Rough estimate of the blob ‘lifetime’, before it is entirely stretched and mixed
by the flow, as a function of the viscosity ratio (same flow conditions as in (a)).

Towards ‘mixing’ granular suspensions: Last, the dispersion of a ‘cloud’ of particles immersed and

sheared in a viscous fluid [130], which is illustrated in figure V.3, could be revisited and extended in light

of the present study. In this problem, the heterogeneity in viscosity is not due to the composition of the

liquid, but to the addition of solid particles. Beside its relevance to engineering applications where partic-

ulate systems are mixed (e.g. concrete, plaster,...), this problem has interesting connections with some of

the phenomenologies reported in this thesis. In particular, one can wonder whether the dispersion time

of the heterogeneity can be understood. Whether there is a critical volume fraction above which rolling

and delayed dispersion would be observed. Whether the shear-induced dispersion of the particles in this

athermal system could play a role similar to the molecular diffusion in the mixing problem.

FIGURE V.3: Perspectives – ‘Mixing’ an heterogeneity in a particulate suspension. Blob with a large volume fraction of
solid particles sheared in a liquid bath. Left: initial condition. Right: after 10 ‘back and forth’ shear cycles with a

strain amplitude γ = 6 (adapted from [130]).
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Appendix A

Stochastic model of the blob kinematics

in a chaotic flow in the large Pe limit

We detail here the stochastic model of the large Péclet deformation kinematics of an initially spherical

blob in a laminar chaotic flow mentioned in chapter IV.

As discussed in chapter IV, the idea of the model is to consider that as the viscous blob is advected

by and through the chaotic flow, it experiences rapidly changing flow conditions, which we model as a

sequence of short random linear flow periods, with a fixed duration τ, no correlation between successive

periods, and full correlation within each of them (see Fig. A.1). For each period i the strain rate in the

bath, ε̇i, the rotation rate in the bath, ωi, and initial orientation of the strain direction, ϕi, are randomly

sorted from the model distribution of ε̇, ω and ϕ obtained from the isoviscous flow characterization (see

Fig. A.1c). This implies that during each period the blob dimensions (a, b, c) and orientation relative to

the main strain direction ϕ evolve through

ȧ

a
= A

⇣ a

b
,

b

c
, λ
⌘

cos 2ϕ ε̇i ,
ḃ

b
= �B

⇣ a

b
,
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c
, λ
⌘

cos 2ϕ ε̇i ,

ċ

b
= � ȧ

a
� ḃ

b
, ϕ̇ = ωi �F

⇣ a

b
,

b

c
, λ
⌘

sin 2ϕ ε̇i ,

(A.1)
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FIGURE A.1: (duplicate of Fig. IV.11). Modeling of the chaotic flow in the bath by a random sequence of linear flows. (a)
Schematics of the blob advection by and through the chaotic flow. (b) The flow experienced by the blob is modeled
as a sequence of random linear flow periods, with a fixed duration τ, no correlation between successive periods, and
full correlation within each of them. (c) For each period i the strain rate in the bath, ε̇i, the rotation rate in the bath,
ωi, and initial orientation of the strain direction, ϕi, are randomly sorted from the model distribution (dashed lines)

of ε̇, ω and ϕ obtained from the isoviscous flow characterization (see §IV.2).
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where the geometrical and viscosity dependent factors A, B and F , which set the deformation rate inside

the blob, are the same as those introduced in §III.2.2 to treat the simple shear case.

The system A.1 couples non trivially the blob viscosity (λ), the current flow (ε̇i, ωi), with its variability

(pdf(ε̇i), pdf(ωi)) and its persistence time (τ), as well as the current shape and orientation of the blob

(a/b, b/c, ϕ). It can be tackled by two different paths, that we will follow successively. First, a mean-

field approximation, which can be made analytical in the limit we are interested in, when the correlation

time of the chaotic flow is short. Second, a ’brute force’ numerical resolution for a very large number of

random flow sequences, which does not use any approximation and allows to validate the first approach.

A.1 Mean field approximation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114

A.1.1 Derivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114

A.1.2 Isoviscous case & link with the Lyapounov exponent . . . . . . . . . . . . . . . . . . 115

A.1.3 Case of a highly viscous blob (λ � 1) . . . . . . . . . . . . . . . . . . . . . . . . . . . 116

A.2 Brute force simulations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 118

A.1 Mean field approximation

In the limit we are interested in, where the correlation strain scale of the blob ⇠ ε̇τ/λ is small, the sys-

tem A.1 can be simplified into a much more tractable mean-field system for the evolution of the mean

field variables (ensemble averages) hai, hbi and hci, by averaging successively over the random initial

orientations of the blob ϕi, over the statistics of ε̇i and ωi, and over the duration τ of each period.

A.1.1 Derivation

We consider, first, a single arbitrary period i starting at t = (i � 1)τ. For a small correlation strain scale

(ε̇τ/λ ⌧ 1) the blob does not deform much over the period duration τ and the value of A, B and F can

therefore be considered as constant, to the first order, over each period. Similarly, the orientation ϕ does

not vary much from the random initial value ϕi. It can therefore be sought for as ϕ(t0) = ϕi + δϕ(t0), with

δϕ(t0) ⌧ 1 and t0 = t � (i � 1)τ the time since the beginning of the period. Linearizing the last equation

in A.1 yields

˙δϕ = ωi �F ε̇i sin(2ϕi + 2δϕ) ' ωi �F ε̇i sin 2ϕi ,

which can be time integrated to obtain the reorientation of the blob in the flow

δϕ ' (ωi �F ε̇i sin 2ϕi) t0 . (A.2)

To obtain the mean field evolution equation for hai, we start by averaging the instantaneous equation

for a (the first one in A.1) over the random initial orientation ϕi, which gives, at first order,

D ȧ

a

E

ϕi

' A ε̇i hcos 2ϕiiϕi
�A ε̇i hsin 2ϕi ⇥ 2δϕiϕi

,

' �A ε̇i hsin 2ϕi ⇥ 2δϕiϕi
,



A.1. Mean field approximation 115

after noticing that hcos 2ϕiiϕi
= 0. Injecting the linearized expression A.2 for the small reorientation δϕ

(and making use of hsin 2ϕiiϕi
= 0) gives

D ȧ

a

E

ϕi

' �2A ε̇iωit
0hsin 2ϕiiϕi

+ 2AF ε̇2
i t0hsin 2ϕ2

i iϕi
,

' AF ε̇2
i t0,

where we see that the rotation rate ωi does not contribute to the averaged kinematics (at first order and

in the present case when ωi is not much larger than ε̇i on average).

The next step is to average both over the period duration (0 < t0 < τ) and over the statistics of ε̇i

prescribed by the distribution pdf(ε̇) to obtain the period-averaged mean field stretching rate of the blob

˙hai
hai '

D ȧ

a

E

⌘
D ȧ

a

E

ϕi ,t0 ,ε̇i

' AF hε̇2
i iε̇i

ht0i0<t0<τ ,

' AF
hε̇2iτ

2
,

where the values of A, B and F are those corresponding to the current mean field deformation hai
hbi , hbihci .

An exactly similar expression is obtained for the mean field thinning rate

˙hbi
hbi ' �BF

hε̇2iτ
2

.

Importantly, the evolutions of the three dimensions of the blob (hai, hbi, hci) involve the same factor
hε̇2iτ

2 AF , which means that they can be recasted into the following form

1
hai

∂hai
∂T

= A
⇣hai
hbi ,

hbi
hci , λ

⌘

,
1
hbi

∂hbi
∂T

= �B
⇣hai
hbi ,

hbi
hci , λ

⌘

, (A.3)

which exactly matches that for a steady extensional flow (see §IV.3.3), albeit for the rate of the evolution

set by the following relation between the real time t and the warped time T

∂t

∂T
=

2
hε̇2iτ

1

F
�hai
hbi , hbihci , λ

�

. (A.4)

The mean field equations A.3 and A.4 apply to all periods except the first one, because at the beginning

of the first period the blob is a sphere and, therefore, ϕi is not random but equal to 0. This implies that

the initial condition to A.3 and A.4 is

hai ' ehε̇iτ/Λ , hbi ' e�hε̇iτ/Λ , at t = τ , (A.5)

where the rate hε̇i/Λ is the mean field average of the close-to-sphere rate ε̇1/Λ [87].

A.1.2 Isoviscous case & link with the Lyapounov exponent

As a reference case and also to make the link between the flow characteristics and the Lyaopounov expo-

nent, it is insightful to first apply the mean field formalism to the kinematics of an isoviscous blob (λ = 1).

In this case one has

A = B = 1 , F =
a2 � b2

a2 + b2 ,



116 Appendix A. Stochastic model of the blob kinematics in a chaotic flow in the large Pe limit

(omitting from now on the averaging symbol hi, for the sake of clarity) so that

a = eT , b = e�T ,
∂t

∂T
=

2
hε̇2iτ

e2T � e�2T

e2T + e�2T
. (A.6)

At long times (T � 1), Eq. A.6 becomes ∂t
∂T = 1, which means that the isoviscous blob will eventually

stretch like e�
hε̇2iτ

2 t when it is slender enough. This allows us to identify the Lyapunov exponent as

κ =
hε̇2iτ
2hε̇i .

At short time, the blob is not slender, which implies that its stretching rate differs from that of a single

fluid segment given by the Lyapounov exponent κ (the short time rate is larger because a close to spherical

blob will align more rapidly with the main strain direction than a slender one). However, this transient

only last for a is very short time t ⇠ 1
κhε̇i . Indeed, integrating Eq. A.6 yields t = τ + 1

2κhε̇i ln e2T+e�2T

e2hε̇iτ+e�2hε̇iτ ,

which follows t ' τ + 1
κhε̇i (T

2 � hε̇i2τ2) for T ⌧ 1. This gives the typical following thinning rate for the

isoviscous case:

� ḃ

b
' 1

2

s

κhε̇i
t � τ

, for τ < t .
1

κhε̇i ,

� ḃ

b
= κhε̇i, for t � 1

κhε̇i .

A.1.3 Case of a highly viscous blob (λ � 1)

For a blob more viscous than the bath, the evolution of the stretching rate is non monotonic. At very short

times, the blob deviates from the spherical shape and realigns more slowly with the main strain direction,

which decreases its average stretching rate (just like for the isoviscous case), but on longer times the blob

is so slender that its own viscosity becomes unimportant and the long term isoviscous rate (Lyapounov

exponent) is recovered.

For a viscosity ratio much above one (λ � 1) the maximal rate is obtained for a small deviation from

the sphere, which allows to approximate the function A, B and F by their first order development close

to a sphere

A = B =
1
Λ

, F =
1 + Λ(a � b)

a � b
. (A.7)

At the smallest order in T, Eq. A.7 gives

a ' eT/Λ , b ' e�T/Λ , t ' t0 +
Λ

4κ
ln

1 + 4T2

Λ
,

with t0 ' (1 � 2hε̇i2

hε̇2i )τ an integration constant set by the initial condition A.5. The thinning rate follows

� ḃ

b
' hε̇i

tT
' κhε̇i

Λ3/2
e

4
Λ

κ(t�t0)

q

e
4
Λ

κ(t�t0) � 1
, (A.8)
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which recovers a similar short time trend as for the isoviscous � ḃ
b ' 1

2Λ

q

κhε̇i
t�t0

. The thinning rate given

by Eq. A.8 is minimal for e
4
Λ

κ(t�t0) = 2, with a minimal value

� ḃ

b

�

�

�

min
' 2κ

Λ3/2 .

The minimum is reached at a time t ' ln 2
4

Λ

κhε̇i of the order of the acceleration onset time tacc, which

actually sets the typical thinning rate over most of the slow stretching transient:

κeff ⇡
2κ

Λ3/2 . (A.9)

To determine the onset time of the fast stretching regime tacc itself, which occurs when the blob has

significantly deviated from a sphere, the close-to-sphere approximation A.7 is not precise enough. We

therefore rely on a numerical integration of the mean field system (Eqs. A.3 and A.4). The mean field time

evolution of the blob width b/b0 is presented in figure A.2a for λ = 30, 100 and 300 and a Lyapounov

exponent κ = 0.17 matching the experimental value in our chaotic flow. As for the steady extensional

flow, we extract tacc from the time shift of the long time stretching regime (see Fig. A.2a). The values of

tacc are reported in figure A.2b as a function of the viscosity ratio λ. They are found to follow closely

tacc '
⇣

1 +
3 ln Λ

4
10

⌘ λ � 1
3κhε̇i , (A.10)

which has also been validated with larger values of λ and smaller values of κ (not shown), and is in

practice close to the heuristic value λ�1
3κhε̇i derived in Chapter IV, for the range of viscosity investigated

experimentally.

Last, figure A.2a also confirms that the width bacc at the onset of the fast stretching regime does not

vary much with λ. It also suggests that the actual value of bacc/b0 is somehow closer to 0.8 or 0.9, than to

the value e�1 ⇡ 0.4 adopted for the heuristic model.

101 102 103
101
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103

10−1 100 101 102 103

100

5× 10−1

6× 10−1

7× 10−1

8× 10−1

9× 10−1

a) b)

FIGURE A.2: Deformation kinematics of the blob in a random sequence of linear flows – Mean field model. (a) Normalized
blob width versus accumulated strain. Solid thick lines: mean field approximation (time-integration of Eqs. A.3-
A.5). Dashed lines: geometric average of the brute force simulation of Eq. A.1 (the period duration is set to τ =
2hε̇iκ/hε̇2i ⇡ 3 s with κ = 0.17). Solid thin line: long term stretching rate. (b) Onset time for the fast stretching
regime. Symbols: values extracted from the integration of the mean field model. Solid line: Eq. A.10. Orange dashed

line: equation obtained from the heuristic model in chapter IV (Eq. IV.10).
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A.2 Brute force simulations

To validate the mean field approximation presented above, we also perform brute force simulations of

the exact system A.1 for a large number of random flow sequences. For each period i, the values ε̇i,

ωi, and ϕi are randomly sorted from the model distribution of ε̇, ω and ϕ obtained from the isoviscous

flow characterization (see Fig. A.1 and §IV.2). The partial differential equation A.1 is time integrated from

ti = (i � 1)τ to t = iτ. For the first period, the initial condition is a1(0) = b1(0) = c1(0) = 1 and ϕi = 0,

since the blob is initially a sphere. For all subsequent periods, it is set by the blob dimensions at the end of

the previous period, ai(ti) = ai�1(ti), bi(ti) = bi�1(ti), ci(ti) = ci�1(ti), with a random initial orientation,

ϕ(ti) = ϕi. The process is iterated over the successive periods until a sufficient stretching is obtained.

Figure A.3a presents the thinning history b(t)/b0 for a sample of 100 random flow sequences and a

viscosity ratio λ = 30. The thick blue line shows the evolution of the geometrical average of the width

over 1000 realizations. Figure A.3b reports the average of b for different viscosity ratios λ ranging from 1

to 300.

The average thinning kinematics from the brute force simulations are also reported in figure A.2,

where it is found to match the mean field approximation closely. This confirms that the results obtained

from the mean field approximation, assuming a small correlation strain scale, are relevant for the typical

Lyapounov number κ ⇠ 0.2 and viscosity ratios investigated experimentally.

a) b)

1

3

10
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300

FIGURE A.3: Deformation kinematics of the blob in a random sequence of linear flows – Brute force numerical resolution. (a)
Evolution of the blob width for a sample of 100 realizations of the random flow (thin blue lines) and geometric mean
over 1000 realizations (thick blue lines). The viscosity ratio is λ = 30. The period duration is τ = 4 s. (b) Average

evolution of the blob width for different viscosity ratio (geometric mean over 1000 realizations).
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